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FOREWORD

The research work in this report was performed by Western Electro-Acoustic
Laboratory, Inc., Los Angeles, California, for the Flight Dynamics Laboratory, Directorate
of Aeromechanics, Deputy for Technology, Aeronautical Systems Division, Wright-Patterson
Air Force Base, Ohio, under AF Contract Nr AF33(616)-7772. This research is part of a
continuing effort to obtain more accurate prediction methods for noise suppression in jet
flow - for flight vehicles which is part of the Air Force Systems Command's Applied Research
Program 750A, the Mechanics of Flight. The Project Nr is 1370 "Dynamic Problems in
Flijht Vehicles" and the Task Nr is 137005 "Methods of Noise Prediction, Controi and
Measurement”. David Smith and later Phillip Hermes of the Flight Dynamics Laboratory
were the Project Engineers, ond their helpful comments have been appreciated by the authors.
The resecrch was conducted from December 1960 to January 1962,

The individual participants in this report include: R. Kosin of Norair, who acted as
a consuliant to the program and contributed the major part of Section V entitied "Performance
Aspects of Noise Suppression Nozzles and Turbofan Engines”; R. White, who wrote Appendix
B entitled "Derivation of Modified Acoustic Equation for Turbulent Jet Exhausts"; M. Cottis,
who wrote Appendix C entitled "Sound Propogation in a Cylindrically Symmetrical Tempera-
ture Distribution"; M. Mann, who derived the near field prediction model in Section ll; and
K. Eldred, who is primarily responsible for the remainder, including Appendix A.
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ABSTRACT

This report gives methods for computing the acoustic power spactra generated by jets
from coaxial turbofans, generalized mixing nozzles and ejectors, and compares the aero-
dynamic performance gains or penalties associated with these various devices. The results
give the limits of acoustic power reduction which can be achieved by mixing nozzles.
Further, the results show that major new reduction in jet noise can be obtained only with
the development of new turbofan engines which have the maximum practical bypass ratios.

These prediction methods for noise suppression in jet flows are based in part on deriva-
tions of the fiow from axisymmetric and slot jets contained in the report. These flow
derivations are based on the Prandt! mixing length concept and include an analysis of the
mixing length determined from measured jet turbulence, and the interrelationship between
flow Mach number, mixing length, and the resultant jet core length.

The report also derives a new mode! of the angular distribution of the radiation of
noise from a 1000°F Mach 1 jet as a function of both frequency and axial position from
empirical data. This derivation sheds considerable new light on the radiation properties and
generation of noise in the jet. These results are found consistent with a new basic differen-
tial equation governing the radiation and generation of sound within the jet, which is
derived in this report. In oddition, theoretical consideration is given to the radiation of
sound in a cylindrical temperature gradient and to the acoustic power generation of the jet
as a function of axial position.

PUBLICATION REVIEW
This report has bean reviewed and is approved.

FOR THE COMMANDER

b ol

WALTER J
Chief, Dynamics Branch
Flight Dynam®cs Laboratory
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SECTION |

INTRODUCTION

The work described in this report represents a continuation of efforts by this and
other organizations toward practical understanding and reduction of jet noise.

The primary purpose of the present study Is the evaluation of methods to reduce jet
noise in the near f.eld where it is responsible for the sonic fatigue of aircraft structure. The
validity and practicality of these evaluations presuppose an adequate understanding of the
noise generating and radiating characteristics of arbitrary jet flows. [n turn, this under-
standing depends upon a satisfactory definition of the jet flow itself, and upon the relation-
ships between flow parameters and noise generation.

Unfortunately, these interrelationships are not well documented. Therefore, consid-
erable emphasis in this study was directed toward the development of similarity parameters for
jet flow, near field noise generation, and refraction of noise within the jet. These efforts
assisted in the semi-emplrical determination of the spacial and directional distribution of
noise along the outer boundary of a conventional jet at military power. In addition, they
provided o basis for an evaluation of the effect of flow alteration on jet noise generation,
supplemented with a discussion of the cerodynamic considerations implicit in multiple nozzles
and bypass engines.

These topics are developed throughout the report as follows: Section Il relates jet
flow and turbulence similarity parameters. Section 11! documents the near noise field of the
1000°F, Mach 1, axisymmetric jet and derives an empirical model for the angular distribution
of nolse as a function of frequency and axial position. The performance of various noise
control devices is treated In Section IV comparing measured results with those expected on
the basis of prediction techniques developed in Sections iI, il and 1V, Finally, the cero-
dynamic performonce penalties or gains of noise suppression nozzles and turbofan engines are
discussed in Section V. Three appendixes follow the text. Appendix A derlves solutions for
several representative jet flows. A theory of generatlon and radiation of sound is discussed
in Appendix B and a new equation Is derived which removes some of the restrictions of earlier
theory. The properties of sound radiating from the axis of a cylindrically symmetric tempera-
ture distribution are developed in Appendix C.

Manuscript released by the authors September 1962 for publication
as an ASD Technlcal Documentary Report.
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SECTION I 5

TURBULENCE AND FLOW SIMILARITY ;‘"

R

The noise generated by a jet flow results fra~, the turbulent fluctuations within e

the flow. The magnitude of this noise is dependent upon the intensity and frequency of e
the turbulent fluctuations and the size of fluctuating eddies. Further, the magnitude of L
the radiated noise is dependent upon the mean flow parameters and their gradients. Thus, v
alteration of one or more of the basic flow characteristics may be expected to alter the -
characteristics of the noise radiated from the flow. This is the basic premise of the in-
flight noise suppressor.
The first step toward the evaluation of the noise radiated from a modified jet flow is ﬁ:

the estimation of the characteristics of the flow itself. Since no purely analytical theory e
or method is known which can predict the noise radiated from a jet flow, the evaluation of e
the noise radiation of a modified flow is heavily dependent upon analogy to the noise -
radiation of well-documented flows. In this latter category, the majority of available K
data applies to the axisymmetric jet, and therefore it provides a primary basis for evalua- o
tion of the effects of flow modification. B
Figures 1 to 3 illustrate the gross flow parameters for an axisymmetric jet. As shown t'_'._.

in figure 1, the jet core extends for several nozzle diameters from the nozzle. This N
. . . . . . N . . AR
essentially laminar core is surrounded by a mixing region which grows linearly with axial
distance. The maximum turbulent intensity occurs in the portion of the mixing region -
where the velocity gradient is steepest, as shown in figure 2. Since the noise generated g‘.«‘
in the flow is directly dependent upon a power of the turbulent intensity, the region wherein o
the mean square turbulence (u')? exceeds one-half of its maximum value affords a concep- N
tual definition of the actual noise source region. Thus, the region of primary noise o
generation in an axisymmetric jet is an annular volume which grows in thickness with i:_
increased axial distance, as illustrated in figure 3. naw
U\.:‘

Downstream of the core tip the axial velocity decreases and the jet continues to ‘.
spread. This decrease in velocity reduces the velocity gradients and the intensity of :}3
turbulence generated in the downstream region. Here, as pointed out by Ribner (Ref. 1), ~
the intensity of the noise generated downstream of the core should decrease with a relo~- : .

tively high power of the axial distance. Therefore, as will be shown later in a more i
conclusive fashion, the mixing region external to the core is the major source of the
noise generated by the jet flow,

.‘_:;:
vq'.i
This conceptual model of the relationships between turbutence and gross flow 3\:
parameters is continued in the following subsections to provide a practical definition of o
the similarity parameters required for later consideration of the noise generation of modified N
flows. Py
N
Note: The references are numbered consecutively in each section and are listed at the end e
of each section together with a list of symbols. e
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Figure 3. Schematic volume of maximum noise generation
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Jet Turbulence

Although turbulent phenomena have been observed in both wind and sea throughout
history, a great deal remains to be understood about the basic mechanisms of turbulence,
particularly for shear flows. Therefore, it is necessary to rely primarily on experimental
results with only general theoretical guidance. Fortunately, considerable turbulence data
have been obtained in jet flows by Corrsin (Refs. 2, 3, 4), Liepman (Ref. 5), Laurence
(Refs. 6, 7, 8) and others. Since Laurence's data were iu.2n with primary regard to noise
generation, the major emphasis in his experiments was placed on the mixing region surround-
ing the core. The resulting data form the most complete set of flow and turbulence data
available for the study of jet noise.

The longitudinal velocity spectra for an axisymmetric constant density jet of 1.75
in. radius and exit Mach number of .4 measured by Laurence (Ref. 6) are given in
figure 4,

L Qiw U°
where ?:(‘f) = —"'L-'j-‘l, N 2&1\07\;—?

u? is the mean square turbulence velocity measured in a
bandwidth of Af(cps)

Uy is the fotal mean square turbulence over the total
osbandwidth

and L ?(f-)&f' = |

The spectra for the non-dimensional axial distances (x /ro ) between 2.29 and 16
have been normalized by U, /x and are given as a function of a Strouhal number f /Uy in
figure 5. Despite the unique low frequency characteristic of the spectra at x /rg of 2.29
and 4,58 with respect to the spectra farther downstream, there is an apparent gross simi-
larity of the normalized spectra throughout the entire mixing region.

The lateral turbulence spectra (Ref. 6), measured at two stations, have been normal-
ized by Ug /x and are compared to the longitudinal spectra in figure 6. These data
indicate that the lateral velocity spectra are probably also similar; however, they appear
shifted in frequency by a factor of two above the longitudinal spectra.

Although the data shown in figures 4 to 6 offer evidence of gross similarity for the
turbulence spectra as o function of axial distance, they do not test similarity as a function
of velocity because Ug was not varied in the experiment. Furthermore, these turbulence
spectra do not give the actual frequency spectra of the turbulent fluctuations themselves,
when viewed by an observer moving at the mean flow velocity. For, as Taylor pointed out,
(Ref. 9) and Laurence (Ref. 6) proved for the majority of these data, these turbulent power
spectra density curves are simply the Fourier transforms of the longitudinal spacial velocity
correlation coefficient (Rx). Therefore, the turbulent spectra measured with the hot wire
are exactly a measure of the mean square fluctuating velocities associated with eddies of
varying size ( A ), which are convected past the measuring device with velocity Uc. Thus,
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the frequency scale in figure 4 is equivalent to Uc /%, and the similarity found in

figures 5 and 6 really applies to the distribution of turbulent energy with respect to eddy =
size, rather than with respect to actual turbulent frequencies. -
The rate of the spread of the mixing reglon in the flow is governed by the turbulent 3
shear stress (Y9 which, for an axisymmetric flow, is glven primarily by P uv where u and -
v are the instantaneous velocity fiuctuations In the longitudinal and lateral directions,
respectively. There is considerable evidence in Anderson and Johns' work (Ref. 10) .
that the length of the core of an axially symmetric jet increases significantly at higher v
Mach numbers, implying a reduction” with an increase of Mach number. The relation- v

ship between“P and M is also significant for noise generation since rhe primary nolse -

source term is the second time derivative of 4. Unfortunately, no measurements of ¥ by
itself could be found for flows with nozzle Mach numbers greater than approximately .2. A
However, Laurence (Ref. 6) gives profiles of the longitudinai velocity fluctuations over D
a Mach range from .2 to .7 which show a decrease in the ratio of rms turbulent velocity .

to exIt velocity (u'/Ug) as Mach number Is Increased. These data afford an opportunity 5
0 to determine the approximation variation 7 with Mach number. ;2'
8 ..
2" Several investigators, including Prandtl, Taylor and vonKarmen, have proposed ,',(
25 expressions which relate the turbulent shear stress to the gross flow parameters (Ref. 11). ::
N OF these expressions, the concept of a constant exchange coefficient E across the mix- E
. d -
P, Ing regior, such that 7" =P E a—g , arnd the original Prandtl mixing lergth hypotheses, )
B X
AN are most readily aoplied to jet flows. -
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The mixture length (£ ) in Prandtl's hypothesis is analogous to the mean free path
in the kinetic theory of gasses. |f a small mass of fluid initially at radius ry, and
velocity Uy, as illustrated in figure 7, is disploced radially outward to 7, it gives
rise to an increase of velocity at T, the magnitude of the increase Au belng equal to
Uy -U.. Similarly, a small mass of fluid ot ry displaced inward to T results in a
decrease in the velocity at T of mognitude U - Up. With this assumption, the rms
fluctuating longitudinal velocity component u' ot T s:

u'a1/2 (JaYy] + IAU2|)~1I;;9'

where AU]=U]-U =WU(T-£L)-WU(TF )=0dU + higher order
r
terms.

Taking the lateral velocity component proportional to the longitudinal component,
the shear stress becomes:

2
dufdu _ 2 |dU| dU
1’~sz Iar T "R la'? Ir
where the absolute value of dU is utilized to insure that " has the same sign
r

as dU
dr

Defining a non—dimensional mixing length parameter § , where

8 =é=_:%qﬁ_=f(r/r e,X/rQl MlRe)

dr

the Laurence data were examined to determina the functional dependence of 3 on radial
ond axial position, Mach number and Reynolds number.

Figure 8 glves S /S av as a function of rodial position and ot various axial distances
where § gv Is the average value of § across the central mixing zone at each station and
for each Mach number. Superimposed on the scatter of approximately +10% appears to be
a systematic varlation In the mean line with the value of & at the center of tha mixing
zone approximately 4% above its average value.

The variation of 8 av With axial position is given in figure 9. The data clearly show
that § qv Is a linear function of axial distance ond @ function of Mach and/or Reynolds
number. Although it is not possible to separate the iatter effects in the present data
because only one siaz jet was utilized, the Reynolds number, which was above 192,000 for
the various experiments, Is sufficiently high to expect that fully turbulent flow develops in
the mixing reglon In a relatively short distance downstream from the nozzie. Therefore,
it is probable that the major factor is Mach number. The mognitude of the dependence of

80,, on Mach number Is shown in figure 10, where (k = 570_1,_ ) is glven as o function
X l'e

of Mach number. The relationship between the lateral scale of turbulence found by
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Laurence in his spacial correlations and the A defined by the mixing length hypothesls N
s shown in figure 11. At Mach .3, £ Is approximately 2/3 of the conventional (ateral =
scale of turbulence Zt»a where B
:§= R‘] J“'J andFea is the correlation of longlitudinal velocity fluctuations

as a function of lateral distance ( (,J) between the measurement polnts.
To the extent that the mixing length hypothesis represents the gross turbulent mix- ’
Ing process in the region of maximum jet shear, the frequency of the turbulence (f ) in ~
the coordinate system moving at the mean eddy convection velocity Is of the order of .
~Y =1 du g
2 2 dr ;
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As will be shown later, the maximum velocity gradient at the tip of the core Is equal to
1.2 Ue where d is the et exit diameter. Hence, with these assumptions, the predicted

center frequency of the turbulence at the core tip would be of the order of .6 Ve , or

equivalently, the Strouhal number based on exit dlameter and veloclfy.wou'ld be approxi-
mately .6 at the core tip.

Jet Flow Similarity

The flow of a fully turbulent axisymmetric and a two-dimensional slot jet with zero
external velocity (Ug = 0), and constant densify has been Investigated theoretically by
several individuals (Refs. 11, 12). More recently, Szablewski (Ref. 13) undertook solu=-
tion of the downstream fully developed flow for variable jet density and U, » 0.

The flow in the mixing region adjacent to the core was first solved by Kuethe (Ref.14)
for a constant density jet with Uo = 0. His solution contained an asymptotic velocity
profile obtained through an iterative procedure. Later, Squire and Trouncer (Ref. 15)
obtalned solutions for the complete constant density jet with variable external velocity
utilizing a (1 - cosine) velocity profile. For the purposes of this study, it was desirable to
have a uniform set of flow solutions which Included both axisymmetric and slot jets, and
which allows extension to high Mach number and/or variable density flows. It was also
desirable that the solutions utilize an asymptotic profile which could be readily adapted to
concentric and more complicated jet flows. Further, the profile should match the mean
flow data ond, where possible, agree with the profile of turbulent fluctuations so that it
would have general utility in describing the turbulence in the mixing region in terms of
noise gencration.

An examination of the mean flow proflles in the region adjacent to the core shows
that they can be represented by an exponential of the form ¢M2/2, where7 is a non-
dimensional shape parameter. The maximum error occurs at the outermost boundary of the
flow and is of the order of 4%. Since the low value of shear ot the outermost boundary is
not important to the overall mixing process, this error is acceptable. This proflle function
has been previously utilized in the fully developed downstream reglon by Reichardt (Ref.16)
and others, so that its use enables a simple approximate extension from the core region to
the entire flow.

The flow for a constant density axisymmetric jet with variable external velocity,
and a constant density slot jet has been derived in Appendix A. The derivations utilize
the integral form of the momentum equotions described by Goldstein (Ref. 17) and follow
the general approach of Squire and Trouncer (Ref. l;). In the derivations the velocity
profile was assumed to be U = U, + (Uy, - Uo)e"L /2

where U is the external velocity,
U, Is the centerline velocity, and equal to Ug adjacent to the
core reglon
and N = T = O where a is the distance from the centerline to the outer
boundoary of the core and b is a width parameter which
controls the mognitude of the velocity gradient.
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Figure 12. Comparison of assumed velocity profile for axisymmetric constant

density jet with Mach .7 data from Laurence. e
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- This profile is compared with Laurence's (Ref. &) Mach .7 data at various axial

o stations in figure 12. Note that when r-a=b, 7= 1, and U/(Um-UO) =, 606. o
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The Appendix A solution for relative length of the core (1) of the axisymmetric jet ~

- re . -

1 L

” ' X _ 232 *

X - 2 S

> fe k c ‘.::

where ¢ = é and k Is a constant = .88. i)

~

It was noted previously that the mixing length £ varied as a function of Mach number ;-cf

in the range of M= .2 to .7. Further, the data of Anderson and Johns (Ref. 10) have o

demonsirated thot the relative core length becomes much longer as the exit Mach number o

is increased. These results have been combined in figure 13 to give the variation of ¢ N

with Mach number (from Refs. 3, 10, 18, 19). Figure 14 shows the equivalent variation in o

relative core length with exit Mach number. Perhaps the most interesting feature of these

two curves is the small effect which large changes in temperature have on the core length, ke

o relative to the significant role of Mach number. In general, the hot, low density, jet core .

- appears to ba no more than 20% shorter than the core of o jet of the same exit Mach number 0

X which has a total temperature equal to ambient. f:’_«'
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Figure 13. variation of the constant ¢ with Mach number. ¢ was computed from
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Several types of theoretical derivations of the variable density jet were conducted e
under this program. However, the results were inconclusive in that they were excessively o
dependent upon initial assumptions, particularly in regard to the ratio of heat o momentum 5
transfer which has been variously reporied (Ref. 11) through a range of 1.3 - 2.0. These o
values result from previous theoretical and experimental efforts which were restricted to 3
temperature ratios (jet to ambient) of approximately 2 and in general are limited to low :-ﬁ‘_
Mach number. From the present investigation it appears that the theoretical solution of o
the effects of density on jet flow in the primary range of interest requires additional EaN
experimental effort to gain a better definition of the relationship between heat and -
momentum transfer at high Mach number. However, for the present, the indication that a '::-]
hot jet core length Is reduced no more than 20% compared with the ambient jet, is suffi- ”.
cient, oy
X
The flow contours calculated from the Appendix A solution for an axisymmetric jet B
with an exit Mach number of 1 are given in figure 15. The solid contours give the ratio i-:
o
of -8? and the dashed contours downstream of the core give the ratio of —g—m— , where ;:j:j
Up, Is the centerline velocity. These contours can be extended to any other Mach number %
by revising the axial scale by the ratio of Xt where x; is obtained for the new Mach &
number from figure 14, 13 o
8
Figure 16 shows that the calculated axial decay of the mean velocity in the axi- o
symmetric jet downstream of the nozzle agrees with the data from Laurence (Ref. 6). In AN
addition, figure 16 shows the relative turbulent velocities u'y, from Laurence as a P
U'fm @}:‘
function of axial position. Here u'y, is the maximum value of rms turbulent velocity at
each axial station and u'fm Is the maximum value of u'm in the entire flow. From the Y
simple flow theory, the axial variation of u'y, should be similar to the variation of center- ',-\
Vo =
line velocity. This reiationship appears to hold to _x_ of 24. However, farther down- )
Te A
stream the turbulence Is somewhat greater than would be expected from the local value of N
the flow gradients. These higher values of u'y, probably resuit from the convection of :::-:
U fm ".:‘:
the more intense turbulence generated upstream past the downstreara positions. gvé—
Figure 17 gives the calculated flow contours for an axisymmetric jet ot Mach 1, .
with an external velocity Uy equal to one-half of the nozzle exit velocity. The value of g
¢ utilized In the equation was chosen at Mach .5, the relative Mach number for the two ;::-:
flows. It Is interesting to note that the external flow hos lengthened the core to twice the £
axial distance for zero external velocity. ol
A O
n This result is generalized In figure 18 where the ratio of x; /(x4 for U = 0) Is glven ‘,:‘A:f
3™ as a function of U,. Since this curve depends upon Mach number, through the dependence Y
Y of ¢ on Mach number, actual computations of core length should be based directly upon the B.
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Figure 15. Calculated flow contours for constant density axisymmetric jet with exit
Mach number of 1.0, and zero external velocity.
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Appendix A solution with an appropriate choice'of c. However, the qualitative feature

N
of this curve is correct, and illustrates that large increases in core length result when the o
external velocity becomes appreciable. Therefore, for aircraft in flight, the core mixing
region becomes considerably extended and, hence, the near field noise contours are .
similarly extended downstream. "

Figure 19 glves the calculated flow contours for a two-dimensional constant -
density slot jet utilizing the value of c obtained from the axisymmetric jet. The spread =
of the slot jet is about 12% greater than that of the axisymmetric jet at similar positions 5
in the mixing region adjacent to the core. However, downstream of the core the slot et 0
spreads much more slowly than does the axisgmmetric jet, because the slot jet's center- e
line velocity falls off proportional to (x)"]/ , rather than proportional to x=1 as found N
for the axisymmetric jet. This difference is Illustrated in figure 20 where WlUmax on the ‘_
centerline for a 3.14 x 1 inch rectangular jet is compared with the computed value for e
the slot jet. It is belleved that the aspect ratio of 3. 14 is probably not quite sufficient to “
approximate a true two-dimensional jet and, hence, the solid symbols which represent the b
flow of the inner nozzles are probably more representative. Therefore, the computed core -

is somewhat too short, indicating that the correct value of ¢ is slightly lower for the slot
jet than for the axisymmetric jet.
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Figure 19. Calculated flow contours for a constant density slot jet with exit :::
Mach number of 1.0 and zero external velocity h
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LIST OF SYMBOLS USED IN SECTION |
Roman

Distance from centerline to boundary of core
Velocity gradient width parameter

Diameter

Momentum exchange coefficient

Normalized longitudinal velocity spectral density
Frequency '

Thickness of slot jet flow

Proportionality coefficient

Prandti mixing length

Lateral scale of turbulence

Mach number

Correlation of longitudinal velocity fluctuations
Reynolds number

Radius

Flow velocity

Instantaneous longitudinal velocity fluctuations
Instantaneous lateral velocity fluctuations

Axial distance from exit plane

Lateral distance from centerline

Greek

Non-dimensional mixing length
Cl.aracteristic eddy size
Non-dimensional shape parameter
Densit,

Turbulent shear stress

Subscripts

Characteristic

Exit

Flow

Moaximum ot a given axial stailon

Amblent

Overall level

Core tip

As a function of longitudinal distance between measurement points
As a function of lateral distance between measurement points

Superscripts
Meon
Root mean square
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SECTION 1lI ,__.

THE NEAR NOISE FIELD <

< :

The near noise field of a jet is very complex in comparison to the far nolse field, -

since the spaclal distribution of the noise sources in the jet and other possible near field =
effects must be considered. Furthermore, since the measurements required for definition -
of the near noise fleld are extensive, only a few relatively complete Investigations of a -
full scale jet engine have been undertaken (Refs. 1, 2, 3). Similar detalled measure- o
ments were undertaken for small rockets (Ref. 4) and model cold jets (Refs. 5, 6), but the
major volume of other data comes from more limited measurements on a variety of types of ;
jets.
Several efforts (Refs. 2, 6, 7, 8) have been made to generalize some of the existing X

near field data for use as a prediction model. References 7 and 8 presented simplified R
empirical models for the noise radiated forward from rocket flows. In addition, Ref. 7 .
presented a method for rotating the generalized nolse contours for a sonic 1000°F {et, to 5
account for higher jet temperatures and to predict aircraft noise environments. Volfe -
(Ref. 2) presented the spacial variation of the exponent (n), from assuming sound pressure C:j
at a point in the near field proportional to U" where U is the velocity, for a series of hot o
jet velocities ranging from 790 - 1800 ft/sec. Howes (R2f. 6) applied and extended simiiar NG
concepts, which he ascribes to Greatrex (Ref. 9), in the analysis of detailed subsonic cold o
jet flows. (L4
All of the above efforts to determine useful prediction models are predicated on the o
simllarity of the near nolse field from an axlsymmetric jet. In this manner, it Is unnecessary N
to postulate the mechanism of noise generation, radiation, and source distribution. All .
that is required is a demenstration of similarity of the noise field itself. Since various —
investigators, including Morgan, et al, (Ref. 10), have shown that the near nolse field of AN
a jet scales directly with jet size, as long as the flow parameters are held constant, it is o
only necessary to determine the change in the noise fleld resulting from density, tempera- X
ture, and velocity changes in the jet, For the majority of practical applications to adircraft, =
the jet exit velocity (Ue) is sonic; hence, the temperature, density and velocity are specifi-
cally related, and the variation of a single velocity exponent is sufficlent to give o practi- ¥
cal result, For the more general case, when the exit velocity Is subsonic, the variation of ot
the nolse field with temperature and velocity must be considered separately.
In the present study, the objective Is the prediction of the nolse generation and the
resulting near field for modified jet flows. Here, the flow is a varigble, violating the basic ..
postulate of the foregoing near nolse fleld models. Therefore, it is necessary to determine o
the relotionships between the local jet flow parameters and the characteristics of the local -
generation and radiation of noise. !n the following subsection the nolse raudic.lon from o
axisymmetric sonic jet will be reviewed, and a generalized modei of source generation will RS
be developed. -
-
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Chara.teristics of the Near Noise Field of a 1000°F Axisymmetric Sonlc Jet

The most intensive measurements close to a full scale jet were made by NACA
(Ref. 1) in a region extending from the jet boundary to approximately 10 feet from the axis
at the nozzle end to approximately 30 feet from the axis at a distance of 60 feet down-
stream from the nozzle. These measurements were made on an engine with 9600 lb,
thrust, 1000°F exit temperature, 1850 ft/sec. exit velocity and 1.85 ft. diameter.
Because these data are the most compiete decumentation of the near noise field of any jet
known to the author, they have been utilized extensively in this discussion, supplemented,
when necessary, by additional data.

Smoothed contours of equai overail noise levei for the 1000°F sonic jet are given In
figure 21, based on data from Refs. 1* and 3. The figure shows the steep noise gradient
forward and to the side of the nozzle, an extended source reglon along the flow, and a
low noise gradient in the direction of the maximum noise generation. Figure 22 gives the
spacial distribution (Ref. 1) for three frequencies illustrating the gross shift in the angle of
maximum nolse generatlon as function of frequency. As can be seen, noise at 100 cps is
directed at o small angle relative to the jet boundary and appears to originate over an
extended region of the jet. In controst, the noise at 2000 cps appears to originaie close
to the nozzle and is primarily radiated at a large angle from the jet boundary.

The overall noise levels measured (Ref. 1) along a line extending from the nozzle at
an angle of 10° to the et axis are given in figure 23. The third octave spectra for these
dcta are given In figure 24 and the locations of maximum sound pressure levels for these
spectra are presented in figure 25. Fr~m figure 23 it is clear that the overall nolse level
aleng the 10° boundary is constant as u function of axial distance until a short distance
beyond the tip of the core, and from there on downstream the noise level decreases roidly.
Ir. figure 24, the one-third octave band spectra all tend to exhibit sharp cutoffs beyond the
core tip, and a gross overal! similarity. This gross similarity of the noise spectra in the
core region would be expected from the similarities previously seen for the turbulence and
flow in the sume region. From these considerations it would be expected that the axial
location of the maximum leve! for each frequency band would vary inversely with axlal
distance as shown in figure 25. The departure from the 1/x relationship exhibited at the
low frequencies in figure 25 results from the general decrease in level and change In simi-
larity downstream of the core.

It would be convenlent to utilize the concept of figure 25 to describe the most
probable axial locations for the sources at the various frequencies. However, the extended
axial distribution of noise in each frequency band shown In figure 24 indicates that this
procedure would faii at positions close to the jet, where the length of the source distribu-
tion is within an order of magnitude of the distance from the position to the jet. Therefore,

*All data trom Ref. 1 have been corrected to rms from original quasi peak Bruel & Kjaer
readings by subtracting 2.5 db.
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RPN

4

it s necessary to Include this axial distribution in a pradiction method and to determine
the directional properties of the radiation for each frequency as a function of axial posi-
tion.

- It was antlcipated that the axial distribution of source power would be exceedingly
< difficult to obtain from boundary measurements because of acoustic near field effects super-
imposed on the geometrical near field. From consideration of probable acoustic near
field effects it was expected that the sound pressures along the jet boundary would include
not only the pressures assoclated with the radiated acoustic power, but additional pressures
associated with the non-radiating inductive near field, discussed in detail by Franz
(Ref. 12). Furthermore, it was expected that the low frequency pressures very close to
the actual jet boundary would contain components of convected large scale eddles as
found by Franklin and Foxwell (Ref. 13). These latter pre:sures from convected turbulence
have been identified approximately on figure 24.

R 2o SRS o0 SEBCIM O 8 g8 SR AN 3

[ o4

RV A

LREL S

>

AR In order to obtaln a first estimate of the magnitude of the near inductive field effect
on the boundary pressure measurements, the approximate acoustic power was computed in
N each octave frequency band, based on the maximum pressures along the 10° boundary and
the area of the truncated 10° boundary cone bounded by the axial stations where the
measured pressure was 3 db below maximum. The result of this crude approximation is
compared in figure 26 to the generalized J57 far fleld pewer spectrum (Ref. 14).

r

LS i il

The most striking feature of this comparison is the agreement at low frequencies,
since it was expected (Ref. 12) that the low frequency power computed from the near fleld
would be 10 to 15 db above the far field result, with agreement obtained only for the high
frequencies. This result indicates that a measure of the true acoustic power can be ob~
tained from the 10° boundary measurements of this jet If proper attention is glven to the
actual boundary area normal to the dirzction of radiation as determined by the correlation
measurements for the various frequencies and axial locations.

B GRS S > ) 2

L3 5 Y IR

A qualitative estimate of the uxit angle for nolse radiated from a source located In
. the mixing region at the point of maximum shear (figures 1, 2, 3) is seen in figure 27.
This ray diagram is one of several constructed to observe the qualltative effects of the
refraction of sound within the flow by temperature and velocity gradients. The rays were .
constructed for radlation from a simple point source In a plane contalning the jet axls,
and are based on the ray velocity (Ref. 15) given by the vector sum of the local flow
velocity and speed of sound along the normal to the phase front. As Is clear from the
figure, a very prenuunced refraction occurs, with the result that a significant portion of
the sound Is directed at an angle of 110° to 115° from the forward axis. |t Is noted that
this refraction Is sufficlently severe so as to dominate the directlonal characteristic of the
radiated sound for a relatively wide variety of assumed source directivitles.
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Of course, refraction estimated from a ray diagram of this type is accurate only at .
high frequencies, or more generally when the value of kb is large in comparison with unity,
where k = 2T f/a and b is the gradient width parameter utilized In Section II. Further, the
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el AL

diagram assumes a simple point source located in the center of the mixing zone, rather
than a finite quadrupole source. Clearly, the exit angle would shift further forward for
sources located toward the center since the overall temperature change is greater and,
conversely, the exit angle would shift aft for sources located nearer the outer boundary
where the overall temperature change is less. Thus, In the region of high kb when the
gross effects from ray considerations might actually apply to the associated small sources

o, T
-y

" m s .
‘n‘-‘-"‘nn

(‘X /b<K1), the angular distribution of radiated nolse should be relatively broad. :

With this qualitative ray diagram as background, it Is pertinent tc review the Iy

spacial correlation measurements (Ref. 1) made along the 10° boundary. The spacial -

correlation coefficient ((5) was determined from the time average product of the pressure N

at a fixed point (a) and the pressure at a moving polnt (b) divided by the product of the ;:1-'

rms pressures at the two points. Thus, i

O—l - _‘Fﬂ- -T)l" _::

/—\F’F\ /1’5{\4 2

o ¥/ é

For a sound wave in free space, the angle of propagation, relative to the base line for the 1:.-:

spacial correlations, can be usiermined by the distance between the origin and the first -

zero crossing as shown in figure 28. ;:

o

This technique was applied to the correlation presented in Ref. 1. Typical results ot

are shown In figure 29 for the one-third octave frequency band centered at 400 cps. The [

primary direction of propogation determined from the correlations are shown as arrows from ..

each measurement position along the 10° boundary. As can be seen, the apparent primary 3

direction of propagation at the location near the nozzle makes only a small acute angle -

with the jet boundary, whereas the primary direction for downstream locations makes a .J

considerably greater angle with the jet. It should be ncted that these interpretations of w

the near field pressures differ from those of Franklin and Foxwel!! (Ref. 13), where it was ':-

shown that the correlations close to the jet boundary Indicated the convection of eddies .

past the measurement microphone, rather than the radlation of sound energy. However, .:

their measurement locations were close to the core boundary of a model cold jet and a full S

scale engine, both of which had exit velocities of 710 ft/sec. This exit velocity is only &

38% of the velocity of the present jet. If the mean square radiated sound pressure is 2

assumed to vary as the eighth power of velocity, whereas the direct fluctuating turbulent “

mean square pressures (pseudo sound) vary as only the fourth power of velocity, this X

Increase of a factor of 2.6 In exit velocity would result In an increase in the ratio of mean e

square sound pressure to pseudo sound pressure of approximately 46. This large potential

increase in the ratio could easily account for measurement of true radiated sound along the ¥

g 10° boundary of the high speed jet, whereas measurements on the lower speed jets repre- -
_::‘: sented convected turbulence. It should also be noted that these correlations do not include <
::-:j the data below x / Avalues of .25 where pseudo sound Is suspected, as indicated in figure :::
X% . :
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The apparent primary propagation angles for various frequencies and axlial locations
are summarized in figure 30. Although these data have some scatter, a direct relationship
emerges befween the primary angle and the non-dimensional axial frequency parameter

(fx /ag = x/ ). Furthermore, for values of x /3 »5 the primary angle is identical to that
predicted from the refraction of the rays in figure 27. This value of x/, A, corresponds to a
kb value of approximately 2.5.

This determination of the variation of the apparent primary radiation angle leads
immedintely to a qualitative interpretation of the near noise field of the jet shown in the
example of figure 29. The maximum sound pressures along the measurement boundary and
at a center frequency of 400 cps, occur adjacent to the core, and have a primary angle of
radiation which varies betweer ~oproximately 160° to 120°. Near the nozzle the radiation
is primarily toward 150 to 160°, i.e. along the jet boundary; hence, the apparent steep
gradient of noise level at 90° in this reglon. Further downstream, the primary radiation
angle approaches the ray angle of 113°, contributing significantly to the broadening of
the far field directivity pattern, and to radlation toward the 0° - 90° far field region.

In order to utilize and validate these concepts, it is necessary to know the angular
distribution of sound energy about the primary direction as a function of x /3 ,. Orce this
distribution is obtained, the total power radiated through the 10° measurement boundary
may be calculated more properly and compared to the power computed “nm far field
measurements. Furthermore, the contributions to the noise at any polnt in the near field
from various axlal distances can be summed and compared to measured noise levels,

Angular Ristribution of Power Along Jet

The determination of the angular distribution of radiated acoustic power as a function
of both axial position clong the jet and frequency is necessary if a correspondence between
acoustic power generated in the jet and the sound field external to the flow is to be found.
Unfortunately, the correlations which were so useful in the previous determiration of
primary radiation direction as a function of x /3, are of no further assistance, since they
already represent an average of the desired information. However, the variation of primary
angle with x /2 o does enable a better estimate of the acoustic power radiated through the
10° boundary in comparison to the crude approximation of figure 26.

it Is clear thot a one-to-one correspondence exists between the actual power rodi-
ated through the 10° boundary and that radiated through any other surface in the noise
field, neglecting ground absorption and atmospheric attenuation. Furthermore, a direct
correspondence must exist between the nolse level at any point In the noise fleld, and the
noise radiated to the point from cll sources along the jet. The determination of this latter
correspondence, developed in the following paragraphs, is predicated on two fundamental
ossumptions. First, it Is assumed that the axial distribution of acoustic power computed
from the 10° boundary pressure and correlotion measurements approximates the actual
axial distribution of acoustic power. Secondly, it is assumed that the angular distribution
of acoustic power is a function of x/} . This latter cssumption Is not unreasonable since
the parameter (x /a,= fx /ao) Is later shown to be the general similiarity parameter for axial
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distribution of the power spectrum. Furthermore, the angle of maximum radlation in the
far field and breadth of the associated directivity pattern are dependent on frequency
(Ref. 16), with the angle of maximum radiation varying, as shown in figures 31 to 34
from Ref. 16, between approximately 150° and 115° for center frequencles between 53
and 6800 cps, respectively. Note that these far field directivities weie obtained at
distances of 100 and 250 feet from the et nozzle, so that the jet Is assumed to approximate
a point source. The far field variation in maximum angle is consistent with the angular
variation of the primary directions olong the 10° boundary, since the major portion of the
low frequency power is radiated from regions of low x /) ,and the malorify of the high
frequency power is radiated from regions extending to hlgh values of x/ 7, where the
primary angle becomes 110° to 115°. These generalized directivitles, originally derived
from a composite of hot jet measurements, were utilized directly through an iterative pro-
cedure in the derivation of angular distribution of sound radiation along ihe jet.

For convenlence In the fteration, the jet was divided into several segments by
transverse cuts, and the power from each segment was calculated from a flux formula, as
follows: for the ith segment the power level in db re 10-13 watts is given by

PWL; = SPL; + 10 log (A cosi) (I11=1)

where SPL; Is the average sound pressure level,
A; the radiating surface area, and
; the direction of the sound pressure maxi-
mum relative to the normal of A at Its
mean lengthwise coordinate.

To obtoln a correspondence between the far field directivity and the angular distri-
bution of power radiated from the jet, it Is necessary that the directivity obtalned by
summing the relative directivities of cach segment in each frequency band (k) equal the
far field directivity in figures 31 to 34, Hence:

L [Pw\. +iotoq £ () (9 *LZPW\— "“’L""F() ®

& al

where F; (8) Is the angular distribution function for
power radiated from ﬂze ith segment In
frequency band (k ) (8 ) Is the far field
directivity funcﬁon In the frequency band (k),
and the summation, LY Is logarithmic.

Note that this equation assumes that the far fleld directivity functions were deter-
mined at a sufficlent distance so that the jet approximated a point source. Hence, no
correction was made for the effect of axlal displacement of the segment on the definition
of the angle ® .
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The cne-third octave band sound pressure level measurements (Ref. 1) given in
figure 24 were converted to full octave band sound pressure levels as shown In figure 35.
The three highest frequency bands have been extrapolated toward smaller x / Aofo account
for the power radiated in the 1 ft. distance between the first measurement position and the
nozzle. Also, some smoothing has been done in the 200 to 1200 cps range to avoid what
is believed to be ground-reflected noise. The onset of significant reflection appears to
occur between 15 and 20 ft. downstream and continues from there on to approximately 40 to
45 ft., as can be seen In figure 29. These reflections can be qualitatively evaluated from
inspection of figure 36 where the effect of the ground on the sound pressure maxima is
indicated. The directions associated with the sound pressures in each segment are derived
from the longitudinal correlation studies (Ref. 1) which are summarized in figure 30.

In order to solve equation (I11-2) it was assumed that the neor field directivity f:(8)
would vary smoothly with x /A, . It was further assumed that for a sufficieatly low frequency
(below 37.5 cps in these computations), the whole jet could be characterized by one va'ue
of x /A, i.e., that the whole jet would radiate similarly. With this latter assumption, it
was posgible to obtain an initial series of points on the (@) versus x /3 , curves, utilizing
unpublished far field data for a 1/8 scale J57 jet engine (Ref. 17) for an octave frequency
kBand centered on a modified Strouhal number (fd /a5) of .041. For the first (37.5 - 75 cps)
octave band of the full scale data, the jet was divided into two segments and the power
calculated for each. Applying the above condition:

2 2
(1)
lolog F (8) = L [Pwﬁ{)-» loLoy %;(e)] - L Pwﬁi

= =1
¢ where fi( 8 ) is the initial series of points at 10° intervals
and fy(8 ) is unknown,

Solving for f5(B) yields a second series of points on the f.(8) versus x /X pcurves. The
procedure for the second octave band (75 - 150 cps) was similar, except that the jet was

divided into three segments. Now
3

3
(2) @) 2
F(e) = LZ[F’Wng +§L(e)] - L PWLQL
=\

=2
where f; (8) and f7(8) are kn;w‘n and f.(@ ) is unknown,
This iteration continued throughout the eight octave bands with the subscripts maintaining
their identity with x/llo, as the distance of the « enter of the segment from the nozzle in
wavelengths.

During the wourse of the iteration it often became apparent that a vaiue of £(8 )
would not apply to other octave bands or would no* produce a smoothly varying function.
In such cases other values were estimated and teste+ so that the condition, Eq. (111-2)
would be satisfied to within one decibel. Figure 3, shows the initial stages of this "trial
and error" iterative opproach, together with the initial coints for two values of 8. When
the first iteration was completed for the whole range of § , as well as "/X, » £(B) was
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Measurement line
—_—— (10° boundary)

Distance from exhaust nozzle, in feet

Figure 36. lllustration of effect of ground plane for the 600 - 1200 cps
octave band.

plotted versus B with x /A,as a parameter. These curves were then checked to insure that
the integral of .5f;(B) sin @ between 0 and T was unity, as it should be. The final f‘(e)
is plotted in flgure 38 as o function of @ and cross-plotted in figure 39 as a function of
x / Ao

It would be desirable to confirm fi( @) through experiment, but the correlations which
are required are one order of magnitude more laborlous than any attempted to date. How~-
ever, lacking direct experimental verification, the best estimate of the uniqueness of the
£(8) given In figures 38 and 39 is the strong tendency toward convergence which was
noted during the iteration procedure. Therefore, with the exception of the function for
XAe= 375, it Is believed that these functions represent a relatively unique solution to
Eq. (111-2), and are thus primarily limit J In accuracy by the accuracy of the generalized
far field directivities from Ref. 16 in figures 31 to 34 and the near fleld data from Ref. 1
in figure 35. The abllity of these functions to assist In the prediction of acoustic power
will be discussed In the next subsection and the prediction of neor field noise will be
considered in the following subsection.
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Power Distribution Throughout the Jet

In the derivation of the angular distribution functions, f;(8), for the power radiated
at various values of x /A, , there was no requirement that the total power computed from
the near field equal the power computed from far field data. Hence, a comparison of these
powers affords a gross test of the model.

For the first iteration for f;(8), the powers were computed using Eq. (I1I-1) for each
sagment based on the primary angle of radlation along the boundary (figure 30). However,
for the final iteration, the angular distribution of power for each segment was considered,
together with the requirement that the mean square pressure at any point on the 10° bound-
ary must equal the sum of the mean square pressures computed from the directed powers
flowing through the boundary.

The results of the final power computations from the 10° boundary measurements are
presented in figure 40. The agreement between the power computed from the boundary and
that computed from many far field measurements (Ref. 14) is almost exact below 300 cps.
However; above 300 cps the far field generalized power is 1.5 to 2.5 db less than that
computed from the near field. There are many possible reasons for thls difference, in addi-
tion to the assumptions inherent in the basic jet radiation concept. These reasons include:
the ground attenuation which lowers the far fleld sound pressure at frequencies above 300
cps, and hence the computed power; atmespheric attenuation which lowers many of the far
field sound pressure levels at frequencies above 1200 cps; and the assumption of uniform
radiation over the entire hemisphere which Is common to all far field powers computed
from ground measurement of horizontal jets.

With these additional considerations, it Is clear that no further fundamental conclusion
can be reached in regard to the correctness of either measure of power. To obtain a more
precise conclusion would require an extremely careful experiment in free spherlical space,
under ideal atmospheric conditions, correlating both near and far field measurements.
Therefore, it is felt that the ogreement shown In figure 40 indicates that both measures of
power are equally valid, and that the gross distribution of power radiated from the jet,
predicted by the previous concepts, is valid.

For the purpose of predicting the power radiated from an arbitrary flow, it Is necessary
to examine the acoustic power generation as a function of axial distance and frequency in
relation to the actual flow parameters. The power per unit axial length along the jet
(W, )oB where OB signifies summation over each octave frequency band is glven in
figure 41. The maximum values of (W , )op occur at values of x /r_ less than 1 for
frequencies above 2400 cps, between 1 and 2 for 1200 and 2400 cps, and consistently
further downstream for each successively lower frequency band. It should be noted that
the slope of (W )op with respect to axial distance for the highest frequency band is
approximately ( x/re )"1, indicating that significant contributions to the total radiated
power in these frequency bands results from all axial locations in the mixing region odjacent
to the core. In contrast, the major contribution to the power radiated in the lowest fre-
quency bands crosses the 10° boundary downstream of the core.
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Throughout the mixing region adjacent to the core, the typical frequency of the
turbulence should be proportional to U/x. Hence, it would be expected that the spectra
would be proportional to a modified Strovhal number with the usual diameters replaced by
x. Figure 42 gives the relative power spectral density (W‘:X/Wx Jnormalized for the band-
width, as a function of a modified axial Strouhal number for the data of figure 41 in the
region of (x/re(~ 13).

In the region far downstizam of the core, the centerline velocity is proportional to
(x/ fe )~ and the jet width parameter b is proportional to x. Therefore, the characteristic
frequency which is proportional to U/b should vory as (x/ Te)=2 for the cold jet, rather
than relationship (x / l’e)'I found in the core region. For hot jets, the variation of the
speed of sound in this region would be approximately propostional to (x/re)"] 2, There-
fore, the modified Strouhal number should contain (x /re)3 2, However , the data given in
figure 43 do not agree with this reasoning. Rather, it is seen that the best correlation gives
a spectrum which is independent of axial distance.

0 | x|| T l l lTl’lllq i IR R
B a § Apparent angle of primary
. radiation given by ray acoustics
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-10 . a — -
e
2 A
.8 | A QA
9 . ]
E: . .
£ 20} 2" -
R C ®a
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Figure 42. Normalized power spectral density along 10° boundary for J57
in the core region.
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The relationships between power and axial position given in the previous three figures
apuly directly to the measurements aiong the 10° boundory. However, if these relationships
are to be useful in the prediction of power generation from more arbitrary flows, the axial
location should be the actual turbulent source position which is upstream of the measurement
position, For this purpose the high frequency curves of figure 41 have been shifted upstream
In accordunce with the average axial distance between the source and the 10° boundary
measurement position, as illustrated in figure 27. The lower frequency curves have been
shifted by a greate; amount in accordance with thelr higher primary radiation angle such
that the maximum value of W, occurs at the presumed core tip. The results in figure 44
shoulu be a better approximation of the true source locations.
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The overall power per unit axial length computed from figures 41 and 44 is presented
in figure 45. It is interesting to note that Wy is essentially constant along the core as pre~
aicted by Ribner (Ref. 18) and Dyer (Ref. 19) from dimensional considerations. In the
downstream region Wy is falling with x /re at an increasing rate approaching (x /re)~3 at
x/re = 40. When the calculated values of jet breadth and centerline are utilized in this
transition region, together with the ’OUBb2 relationship, the curve predicts a much faster
decrease of W, with (x /re) than found from the data. Ribner's analysis (Ref. 18) ieads to
a prediction of (x/re)~7 in the fina! downstream region of the jet.

Figure 43 gives a good indication of the reason why the noise generated in the transi-
tion region does not approach the (x/15)~7 or the equivalent oU?b? relationships. These
relationships assume that the power sp2ctrum at any station throughout the jet is a function
of U/b. In the mixing region U is constant and b is directly proportional with x and hence
the center frequency should vary inversely with (x /r¢). Since this relationship is found
true in figure 42, Wy is constant as predicted.

In the downstream region the same consideration for the frequency spectra proportional
to U/b implies that the frequency spectra should vary inversely with (x/re)? since U is
eventually proportional to 1/x and b is oroportional to x. However, as figure 43 shows,
the spectrum is apparently independent of axial position for 13<x/rg <50. This implies

160 v
I 1 . I 1 } i 77 ] 1 I
10° boundary

Shifted to probable) Q\

. \
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\ \

\ AN
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Figure 45. Overail acoustic power per unit axial distance and per unit nozzle
area, shifted to probable source location.
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that the more intense turbulence generated in the mixing region adjacent to the core does
not decay as fast as the mean jet centerline velocity, which is implied somewhat in figure
16. Therefore, the primary generation of noise in this transition region probably results
from turbulence developed upstream and convected downstream, with only smail alteration
through the transition region, rather than locally generated turbulence which follows the
local flow parameters.

Figures 46 and 47 give the normalized power spectra for the core and downstrean
regions, respectively, associated with the "probable" source locations. These curves are
essentially similar to figures 42 and 43, except for the slight axial shift; however, they are
believed to be more accurate for prediction of noise generated in non-axisymmetric flows.

The relative proportions of total power radiated from the regions x /re greater and less
than 13 are given in figure 48. As would be expected, the high fraquencies are primarily
radiated from the core region and the low frequencies from further downstream. However, it
is noted that significant quantities of low frequency power are generated in the core region,
and high frequencies In the downstream region. Hence, elimination of either mixing results
in a decrease of approximately 6 db in the power radiated in one of the hvo frequency ranges.
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Figure 4. Normalized power spectra in core region from figure 45.
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{ Prediction of Near Field Noise from the Radiation Model NS
' -:':.? The preceding analysis of the radiation of noise from the jet has shown that the power b
N computed from the 10° boundary Is approximately equal to the power computed from far s
v field measurements. Furthermore, this identity was utilized to determine the angular "
o distribution of power as function of x /) along the jet. _
A more severe test of the prediction technique Is its ability to predict near field ?
noise. However, before discussing the result of this comparison, it Is necessary to consider -
. the influence of the ground plane on noise measured in the near field of conventional hori-~
N zontal jets.
The effects of reflections of sound fiom a ground plane of variable Impedance were ' b
Se discussed by Ingard (Refs. 27, 28) and portions of these results were speciolized for the far -
N field for both random and sinusoidal noise by Franken (Ref. 29). These latter results were o
discussed in detall by Howes (Ref. 30), and extended by Morgan et a! (Ref. 10) to the near N
field by including the effect of the difference in path length between direct ond reflected o
rays on the pressure amplitude. In order to generalize the final results in form suitable for 2
) application to arbltrary locotions of observation and source points, Franken's approach can ~
* be extended directly to the near field as follows, .
60 o
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Consider a source height (h) and receiver height (H) with a separation distance (s) as
shown in figure 49. The path length difference (A ) between direct and reflected sound is

A=Y d?+4Hh -d == 2Hh (in the far field) (111-3)
=
A The relative path length ( 8 ) is given by
o
) -_d = 1+4Hh-]/2~ i in the far field 4
AN 8 T i J2 =~ (in the far field) (ll1-4)

'. s
L
I

g A
¢

where the time delayqy between reflected and direct wave is simplyA/ao,

o

where a,, is the velocity of sound.

The sound pressure at the observation point resulting from a single phase coherent
source is the sum of the pressure of the direct wave (pq) and the pressure of the reflected
wave (pr), and the resulting mean square pressure (p?) at the observation point is:

P* =(pg *+ pr)* =pg’ *+ P> *+ 24P (Hi-5)

Noting that p, equals§ pd when the reflecting plane has infinite impedance, the mean
square pressure at the observation point is:

Observation point

Image Source

R
"%

Figure 49. Sketch of geometry between source
and observation points.
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pz=EFq+32+83) | (111-6)

where B equals twice the correlation coefficient between pyand p,.

As shown by Franken (Ref. 22), B is given by
sin 2T fp 7 - sin 2T T
T (f, - £,)

where f, and fy, are the upper and lower frequency limits of the filter bandwidth.

For white noise in octave bands, this expression reduces to

[ 2F,
5 - 3sin ( T) cos 21V
where f = E_:f_{’_
m 2

When T approaches zero, B approaches two, ond if at the same time § approaches
unity, the mean square pressure at the observation point is four times, or 6 db greater than
the direct mean square pressure, as would be expected. On the other hand, when f
becomes large, B approaches zero, so that the observed mean square pressure Is twice, or
3 db, greater than the mean \ square pressure for the direct path. The relationships for the
near field case between§ % T°and s are given In figure 50, and the relationship between B

and fpis given in figure 51.

An experimental verification of these relationships is summarized in figure 52, The
data were obtained at 25 feet distance from a 3 inch diameter hot jet whose centeriine was
9 inches above a concrete surface. The parameter Hh was varied by varying the microphone
height between 9 and 48 inches, and fm was varied in accordance with the octave bands

measured.

It should be noted that these relationships only apply when the ground surface is hard
and non-gbsorbing. When this restriction Is not satisfied, the reflected wave s partially
absorbed by the ground, and at great distances the direct wave is also partially absorbed.
(Refs. 27, 28) This ground absorption is cleariy iilustrated in figure 53, which gives the
averoge sound oressurs level measured in octave bands at 250 ft. from several J57 engines
operating at military power at different locations. The dip in response predicted by figure
51 occurs in the 1200 - 2400 cps frequency band, and is present in the measurements over
concrete. However, the large variation In average sound pressure level evident at fre-
quencies above 150 cps for the measurements over absorbing ground surfuces are not
predictable by simple reflection theory.
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where ?;‘ is the mean square pressure for the direct path

B ?1' is the mean square pressyre resulting from both direct T
flected paths
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with computed reflection effect.
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Extreme caution must be exeicised In applying these results to near field jet noise,
even when the reflecting surfaces are hard, because of the assumption of a phase coherent
source. In the near field the extended jet source becomes large relative to the distance
between observation point and receiver. Hence, it Is necessary to divide the jet into
several segments and compute the noise at the observation point resulting from each segment.
Since the correlation of the noise generated by adjacent segments can be assumed to be*zero,
the contributions from all segments can be summed on an energy basis, where the effect of
ground reflections Is accounted for separatels in the computation of the noise from each
segment. However, when the observation point approaches close to the jet, the angle
between the direct and reflected path ( o) becomes large, and there is no longer any
guarantee of source coherence, since the nolse generated in the mixing reglon around the
jet axis at any station Is only In phase over a limited angular region. Only very limited
data exist in Ref. 1 relative to this point, and it must remain an uncertain factor at this time.

Predictions of near field noise were first made for six positions extending from 40 feet
forward to 60 feet aft of the nozzle along a line parallel to, and 20 feet from, the jet nxis.

P I I — ' T 1
- T
10— —
1) = —
00 b— North Island NAS, Mar. 61* —
Wright-Patterson AF8, Nov.1960*
@ Miramar NAS, February 1959**
93 }— A George AFB, September 1961** —
A Miromar NAS, May 1960**
~ O Truox AFB, Jonuary 1959** N
*Data measured over concrete surface
W **Data measured over surface portly covered with weeds and grass
| ] | 1 | 1 l ] I
18 37 75 150 300 600 1200 2400 4800
37 75 150 300 600 1200 2400 4800 9600

Octave bands, cps
Figure 53. Summary of averoge far field sound pressure levels (250 fi., 0° - 180°) for

the unsuppressed 157 engine operating ot military power. (Engine centeriine
and microphone 6 feet above the ground plane)
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This choice enabled a comparison with data from independent noise & y. efs. 1, 3,
20 to 26) which were made on J57 engines in conjunction with the ev-.._:*!~a of jet engine
ground runup noise suppressors.
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For the purpose of prediction, the et was divided into five segments with average
distances from the nozzle of 2.1, 4.2, 8.4, 16.8 and 33.6 feet, respectively, and the
powcr per segment was calculated for each octave band.

L ‘l *,
PR
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Each point In the near field was characterized by its distance from the center of the
segments and angle relative to the axis of the jet. Thus, for the kth octave the sound
pressure level is 5

3
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L LZ ] [PWLH) + (@) - 10 1og (417 4;2)+ 1010g (1 + §2 + § 8)
i= (111-8)

K

P X

where PWL; (k) is the power of the ith slice for the kth octave, f; (8) is the
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Figure 54. Predicted values of sound pressure level in four octave bands along o line
20 feet from and poraliel to the oxis of the jet, considering both simple
hemispheric rodiation and correlated ground reflections, compared to the
range and median values of nine measurements on a J57 engine of military
power .
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directivity for the appropriate X/Io of the slice, and d; is the distance from the center of
the ith slice.

The results are shown in figures 54 and 55, for both hemispheric radiation, where the
reflected ray is assumed uncorrelated with the direct ray (B = 0), and for correlated reflected
and direct waves. Only one value is glven in figure 55 because the value of f, 4 is suffi-
ciently high at these frequencies to insure B = 0 and, therefore, simple hemisphericai radia-
ficn exists. On eash graph the average error between prediction and median of the nine
rieasurements is given. In general, the predictions are within the range of the measured
data, and the fit appears most encourcging, particularly between 600 and 4800 cps. It is
inferesting o note that in the freciiency region above 600 cps where the model predicted
far field power 2 db greater than computed from the far field measurements, the 20 foot
line predictions average less than 1 db higher than the . dian. Inclusion of the effect of
correlation between direzt and reflected waves (B = 0) in the low frequency range uppears
particuiarly appropriate in the 150 - 300 cps band where the correlation gives cancellation.

40 140
600 - 1200 ¢ps ' 1200 - 2400 cps
30 |- —— Median 130 - T Median
| Range \I I' Range
o
20 | 120}
o Estimate T o Estimate
1ol f/~ Avg. error .5 db 10k &/{ Avg. error .5 db
00 L | Lt 11§ ot ! [ B N
-40 -20 0 20 40 60 -40 -20 O 20 40 60
40 130
2400 - 4800 cps 4800 - 9600 cps
v Ry Median Median
O ] Range 120 ] Range
10+ , o Estimate 100 |- o Estimate
Avg. error 1 db Avg. error 1 db
00 L | l I | ] 90 | 1 | I | A
-40 -20 0 20 40 60 -40 =20 0 20 40 60

Axial distance relative to the nozzle, in feet
Figure 55. Predicted values of sound pressure level in four octave bands along a line

20 feet from and parallel to the axis of the jet, compared to the range
and median values of nine measurements on u J57 engine at military power.
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However, this correction increases the average error in the 37 = 75 cps band from 1.5 to

4 db.

Contours of equal sound pressure level were computed for three octave bands, 75 -
150, 300 - 600, and 1200 - 2400 cps, as shown in figure 56. For these computations,
ground reflections were assumed to be incoherent (B= 0), giving a 3 db increase over the
direct wave, It Is clear that this example of idealized contours behaves in the same manner
as the measured contours in figures 21 and 22, with the low frequencies radiating farther aft
than the high frequencies and with the steep gradient of sound pressure level forward from
the nczzle.

The method also enables computation of the apparent jet source location of the sound
reaching any point in the near field. This requires solving for X in

sply + 10 logx = logz spl; + 1C log x;

.

-9
- (11-9)
where spl; is the sound pressure contributed by each segment of the jet,

spl; is the total sound pressure level at the point, and x; is the

distance downstream for the center of each slice.

These computations were performed for the two octaves between 300 and 1200 cps for
the observation points located at 12 and 32 feet downstream and 22.5 feet from the iet axis.
Thess are the points for which correlation data are available (Ref. 1), as iliustrated in
figure 29. For a center frequency of 1000, the angles derived from data are 10Z° and 124°
for the two positions, respectively, as compared to 102° and 137° calculated from the model
using the octave band centered at 850 cps. The angles from daia for a center frequency of
400 cps are 103° and 130°, as compared to 95° and 132° calculated for the octave band
centered at 425 cps. Thus, it can be seen from the model that the axial location of the
apparent source depends upon the angle between the observer and the jet oxis. This explains
why the correlations performed in the field often have indicated different apparent source
locations which were often ascribed to inaccuracy.

Effect of Jet Exit Temperature and Mach Number on Directivity

The relationship between the directional properties of jet noise and the jet flow para-
meters have been a subject of considerable speculation for many years. The gross effect of
temperature on the far field directivity is shown in figure 57 for Mach 1 axisymmetric jets.

It is clear from the figure that the increase of temperature shifts the angle of maximum radia-
tion forward.

This shift in the maximum angle of noise from jets at constant Mach number results
from refraction in the jet, as first suggested by Hubbard (Ref. 11). A step toward improved
understonding of this refraction is the theoretical analysis in Appendix C for propagation
from a source on the axis of a zero velocity jet which has a cylindrically symmetrical temper-
ature gradient. These results are not directly applicable to the mixing region adjacent to
the core of a real jet which has important velocity gradients and has sources located approxi-
mately at the maximum portion of these gradients, as shown in figures 1 to 3. However, the
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Figure 56. Contours of equal sound pressure level using the near field prediction
model without consideration of ground reflection.
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assumptions in the theory are approximated In the downstream region of a jet, say beyond
20 diameters. Further, these results are useful in demonstrating the potential magnitude of
temperature refraction in affecting the far field directivity.

Because of the time~consuming difficulties involved in removing the restrictions
inherent in the Appendix C theory, a series of ray diagrams were constructed for sources
located at approximately the maximum velocity gradient and for radiation in the plane
containing the jet axis. As noted in conjunction with the discussion of figure 27, the
temperature and velocity gradients were assumed coincident and were taken directly from
the Laurence data of Ref. 31.

Figures 58 and 59 give two additional examples of ray diagrams for Mach 1 jets at
exit static temperatures of 60°F and 2700°F respectively. The results of these two figures,
figure 27, and several other similar constructions, are summarized in figure 60, It is inter-
esting to note that ray refraction shifts the angle of maximum radiation forward, away from
- - the jet boundary, both for an increase In flow Mach number at constant temperature, and for
g © & an increase in temperature at constant flow velocity. Recognizing, in accordance with

| ! | ] 1 { { 1 I I
Exit
10 temperature (°F) —
— — Cold jet 0
— - == Turbojet 1000
- |~ ———— Afterburning 2750 .
2
2
v 0} —
L
£ —
2 —
°
o
8 -10 |— —
-20 | | 1 | ! 1 | | ! |

0 20 40 60 80 100 120 140 160 180
Angle from upstream in degrees

Figure 57. Comparison of the directivity of axisymmetric jets with exit
Mach numbers of unity for three values of exit static temperature.
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figure 30, that the ray concept only applies at high values of x/x (for the 1000°F jet,

figure 30 shows x/jo > 5 is apparently sufficient), the results of figure 60 demonstrate

that refraction of sound in the jet is one of the major factors causing the maximum angle of
high frequency sound to be farther forward than the maximum angle of low frequency sound
inall jets. This conclusion follows directly, since a greater proportion of the total high
frequency sound is radiated from regions of high x/A,in comparison to low frequency radiation
which is radiated primarily from regions of low "/1,'

Exit stream temperature (degrees F)

% 0 1000 2000 3000 4000 90
[ I i | 1
80+ - 100
Angle versus temperature
§ M= 110 3
=70 - 0
& >
o Q
c °
=60 | <120 ¢
o P
S L — 3
£ — —
& 40 - 408
-2 - //A - ] O g
e 8
g g ‘\Angle versus exit Mach number >
30 |- & ~1150 g
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§ 60
. 20 - —~ 160 o
. : g
':.::;: 10 —170
R
o 0 | | l | l 180
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[
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2{22

A R
- l' - l‘ -

Figure 60. Summary of apparent angle of maximum radiation as a
function of Mach number and temperature for simple
sound sources located in a jet flow at the approximate
position of the maximum gradient,derived from ray diagrams.
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These results offer an opportunity to compare the various terms in the new modified
wave equation for jet nolse propagation derived In Appendix B, as given on the left hand
side of equation (B-92). For propagation of sound in a jet with a two dimensional gradient
with no sources present, this equation becomes

Bl B
Dy a* Dt

Ry = 2_3__ __:E =
VLl + 3‘1 2y ‘j O
(111-10)

where P is the acoustic pressure
and -2 is the total differential operator (_a_ + UV)
D« ot

If the right hand gradient term in equation (111-10) is much smaller than either of the other
two bracketed terms, then it may be neglected and equation (I11-10) reduces to the standard
second order differential equation for propagation of sound in moving medium:

I D*p 2
— — VvV
& B L

Dt* - (ti-11)

As shown in Appendix B, the gradient term in equation (l11-10) is of the same order as
the first term inside the brackets for a typical Fourier component of sound when

o U | =
NE a4 +Mp (I11-12)

For the velocity gradient given in figure 12, the maximum value of

Xy o Ue
ay - b and occurs at y = b,

Assuming a typical value of M for the jet as .5 Mg, equation (I11-12) becomes

_6lUe  _ e Me _ 1.2 Me
TEb(1+5Me)  16b (1 +-5Mef ke bli+-5Me)®  (11-13)

2§
Qe

at the jet exit temperature.

where ke is the wave number( )based on the speed of sound ag

When Mg =1, the sofution of equation (111-13) gives kgb = .36, or in terms of a wave
number (ko)defined for the ambient speed of sound;
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kob = .36 % (111-14)
9

. For the axisymmetric Mach 1 Jet, b = rg at the tip of the core, b/x Is essentially constant
between the nozzle and the core, and the length of the core (x4) is, from figure 14, approx-
imately 13 re. Combining these relationships, equation (l1i~14) may be restated in terms of

X/Aor Giving

X =13 (kob) =.75%
Ao 2 % (H1-15)

" TR .
b 3
‘é‘ R
A
1 L e,

-
's %

When o, = 1850 ft/sec., the value of x/3, Is 1.25 for approximate equality between
the gradient term and either one of the other terms in equation (l11-10). This is consistent
with figure 30, for ot small values of x/ﬁo (of the order of 1.25 and lower), where the
gradient term has importance, the angle of maximum radiation from the jet lies close to the
jet boundary. However, when the gradient term becomes much smaller than either of the
other terms in equation (I11-10), (x/ﬁo) > 5 implies the gradient term is less than 25% of
either of the other two terms) the angle of primary radiation becomes a constant which
approximates the angle given by simple ray considerations. This result Is consistent with
equation (II-11), since the ray solution is an exact solution for equation (llI=11) when the
bending of the ray is small in the distance of one wavelength.

a ¥ A A
BN,

Uife s

This simple evaluation of equation (I1[-10) can also demonstrate the relationship of
the gradient term of equation (l11-10) with the generalized power spectrum given in figure
44. For a Mach 1 jet, Ug = g, and the modified Strouhal number absissa in figure 46
becomes equal to x4,. The spectrum in figure 46 has a low frequency asymptote where the
acoustic power/cps increases with increasing x,io, which is valid below X/%o of approxi-
mately 1.0. Above the low frequencies is a transition region, approximately I.O(x/,\°(2.5,
and a high frequency asymptote, approximately x40 22.5. It is pleasantly surprising that
these three regions ogree so well with the simpie order of magnitude analysis of the im-
portance of the gradient term in equation (I1i-10). The clear implication is that the full
equation (l11-10) controls radiation of sound in the jet mixing region adjacent to the core
for nondimensional frequencies below and including the spectral maximum, and that
equation (llI=11) is applicable only at nondimensional frequencies above the spectral
maximum.
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Therefore, the theoretical solution of noise radiation and generation In jet flows must
rest on the solutlon of equation (B-92), of which equation (l11-10) was a simplified version.
Until these solutions are available, it is not possible to extend the near field prediction
model developed in this section for the 1000°F Mach 1 jet to other temperatures and Mach
numbers, except through semi-empirical derivations similar to that utllized for the near
field model described for the 1000°F jet. These derivations should be based on a careful
set of new model measurements made in free space without a ground plane, where exit
Mach number and temperature are varied indepeandently. In the absence of data, the
first approximation to an extension of the model In figure 38 to include temperature effects
would be to shift the maximum angles and curves by the ratio of ray angle for the new
temperature from figure 60 to the ray angle for 1000°F.
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In order to make preliminary prediction of the near field nolse from jets with exit
velocities lower than 1850 ft/sec. and 1000°F, it Is best to extrapolate from empirical
data. For this purpose the most comprehensive set of near field measurements for heated
jets was made by Wolfe (Ref. 2) over a velocity range of 1000 - 1800 ft/sec. Figure 61,
taken directly from Wolfe's figure 31 (Ref. 2), gives the value of n in equation (liI-16)
below:

. U
spl' = splygg+ 10 n log Tgz5— (111-16)

where spl ¢ refers to the values obtained for the 1000°F et

at a point, elther by the prediction model or directly
from the data of Ref. 1, and spl' is the spl estimated
for the jet of differing velocity.

Unfortunately, this method does not separate the effect of flow Mach number from
flow temperature and for accurate prediction of the spacial distribution of noise from a jet
flow, these two parameters must be considered separately. However, until the series of
experiments mentioned above are accomplished, these data are probably the most reliable
and useful for this purpose.
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(Figure 31 of reference 2).
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Figure 61. Variation in index 'n' for jet efflux velocity
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LIST OF SYMBOLS USED IN SECTION i

Roman

Radiating area

Speed of sound

Twice correlation coefficient

Cradient width parameter

Exit diameter

Far field directivity function

Near field angular power distribution function
Frequency

Receiver height

Source height

=21 f/a

Prandtl mixing length

Power of U

Pressure

Power level re 10713 watts

Source separation distance

Sound pressure level re .0002 dyne/cm?
Radius

Strouhal number, modified

Velocity

Power per unit axial length summed over all octave bands
Axial distance from exit plane

Latercl distance from centerline

Mach aumber

Greek

Relative path length

Angle measured from upstream

Acoustic wavelength

Logarithmic sum

Spacial correiation coefficient

Delay time and reflected signal re direct signal

Angle of sound pressure maximum re normal to radioting area, A

Subscripts
Lower octave band cutoff
Upper octave band cutoff

Direct
(continued)
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List of Symbols Used in Section HI (continued)

-~ o0o3xwo

Subscripts

Exit

Octave band number

Center of frequency band
Characteristic of ambient air
Reflected

Total
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SECTION IV

CONTROL OF JET NOISE THROUGH DESIGN o

0 e of the primary motivations for jet noise research is the history of sonlc fatigue :::'::f::

«~d equipment malfunctions of current flight vehicles. These noise-induced fallures are not —:‘-::
only costl,” in an economic sense, but threaten a vehicle's overall reliability and effective-~ R
nes. as a weapers system. Although experience has shown that satisfactory reliability can i
be achie\ed after lengthy testing, redesign, and upgrading of structure and components, S
this process is rcstly in time, money, and often performance. If this history is not to be
repeated in the design of future vehicles, the noise exposure of flight vehicles must be P
minimized in the design process. P

o
RS
.
.
PERS

The various methods or devices which have been or can be proposed for altering
the jef noise field involve variation of one or more of four major factors:

e e
et et
PN

. v b4 R
TR R Al

o DR

LA N

Engine location
Total acoustic power generated

Pl

i 2

Frequency spectra e

Radiation characteristics (directional properties, NSSS

reflecting or absorbing surfaces, and spacial e

distribution of noise sources) o

trculbamiiy

The first of these factors can be controlled by the vehicle designer, and the RGN
remaining are controlled primarily by the engine designer, often in conjunction with the SN
vehicle designer. f‘*
N

This section discusses these basic factors and examines the modifications of these RN

factors which can be achieved through design. Much of this discussion will be given directly 3—-‘:
In terms of a 10,000-1b. thrust engine to facilitate comparison with current experience. :f-:.f-’.
Furthermore, the discussion is directed primarily toward jets from convergent nozzles, and does \2
not include supersonic rockets. A
NS

Engine Location -

A

It is abundently clear from the vast literoture on jet noise and the discussions of the
previous section that the noise radiated by a jet to locations forward of the nozzle plane is
aon order of magnitude lower than that radiated to locations aft of the nozzle plane. Therefore,
it behooves the designer to accept this bonus, wherever possible in the inltlaiiun of new design

concepts. i-——- 3;,

To illustrate this principle, the nolse exposure of a twin engine [et flight vehicle :;:f.:j:

was estimated for wing mounted and tail mounted |et engines. The contours of overall spl, e

given Ir. figure 21 for a 10,000-'b. thrust engine, were superimposed over the vehicle plan AT
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and the approximate percentage of total vehicle surface exposed to 6 db increments of

noise was computed. The results, given in figure 62, show that the overall noise exposure
of the vehicle is reduced over 12 db by moving the engines aft and that areas of extreme
noise exposure are eliminated almost entirely. Although these results are only approximate
since ground reflections were not considered, they demonstrate conclusively that o large
reduction in vehicle noise exposure and resulting vibration can be achieved by placing the
engines at the tall of the vehicle. Hence, configurations incorporating tall mounted engines
will have, in general, minimal sonic fatigue, and equipment mulfunction from noise induced
vibration.

Fundamental Jet Noise Parameters

The three remaining basic factors which can be utilized by the designer to control
vehicle exposure to jet noise are the total acoustic power, frequency spectra, and directivity
of the jet noise source. These factors are determined by the jet flow parameters, and are,
except for variation in nczzle geometry, almost entirely established by the engine designer
at the initiation of each new engine design. Clearly, if minimum noise is to be achieved,
low noise must be a requirement in advanced engine design to insure that it is considered
together with all other engine objectives.

The total accustic power for jet flows from convergent circular nozzles has been
shown by many investigators, including (Ref. 1) to be proportional to the eighth power of
the nozzle velocity and to the nozzle area.

An empirical equation for predicting the total acoustic power level (PWL) is:*

PWL =146+20logd) +80logYe , indbre 10713 watts (Iv-1)
1000
where U,, is the actual nozzle exit velocity in ft/sec.

and dy Is the nozzle diameter (dg) in feet when the nozzle
pressure ratio (P.R.) is less thon 1. 89, and is otherwise
given by

dy = dg [1 +1.71 (.53 P.R. —1)] V2 189 (< 3
Note that d|, as defined for nozzles operating at pressure ratios greater than critical, is
simply the diometer of o nozzle operating ot 1.89 P.R. with the same total temperature and

thrust as the actual nozzle.

The overriding effect of exit velocity on the acoustic power generated by the jet is

*Note that the first approximation of the total power radiated in flight where the external
velocity Ug # 0, is obtained by replacing Ug by (Ug ~ U,) and adding ten times the logarithm
of the ratio of the core length for U, # 0 to the core length for Uy = 0 from figure 18 to
account for the increased length of the jet noise source.
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summarized for a 10,000 Ib, thrust engine In figure 63 for various values of P. R, All exit
velocities along the 1.89 P, R. line are sonic and, thus, along this line, lower velocities
imply lower exit total temperature (Tje) and higher weight flows (we) through the engine.
For a non-bypass engine with a fixed engine P.R. and exit area, the lower temperature
generally results in lower thermal efficiency. Further, the increase in weight flow, either
from lower temperatures or reduced nozzle P.R., results in increased engine size and high
speed drag and weight. Therefore, for the conventiona! non-bypass jet it Is necessary to
maintain maximum practical temperatures, notwithstanding the large nolse reductions attain-
able with lower exit velocities. As will be seen later, the practical methods by which the
designer can obtain the acoustic benefits of reduced velocity include the bypass or turbofan
engine and to a lesser extent, the various types of mixing nozzles with or without ejectors.

+0 T T T 1 1 7 T ]
Tye >1720°R
- i -
Tie S1720R  — /
0}— —
%
2
o = Relative nozzle diameter -
© 1.41 1.28 1.10
% -10 NN |
g —  Nozzle P.R. 1.4 1.5 1.7 1.89 .
g
2 .
15}
E 20
g P.R.
e e 1.52 _
e 1.69
o 1.87
=30 —
) I I O B
700 800 900 1000 1200 1500 2000

Nozzle velocity (Ug) in ft/sec.

Figure 63. Relative total acoustic power level for a 10,000-ib. thrust
engine as a function of exit velocity. Data from Lee, et al.
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The normalized frequency spectrum of the total acoustic power radiated from axi- N
symmetric [ets is given In figure 64. For jets from convergent nozzles ot a P.R. of 1.89, the
exit velocity (Ug) equals the critical sonic velocity (a*) at the exit plane or throat of the T
nozzle. Hence, for standard ambient conditions the frequency spectrum is dependent only
on the diameter of the jet, with smaller jets characterized by higher frequencies. Thus, the e
entire frequency spectrum of a jet engine could be shifted to much higher frequencies if the AN
single nozzles were replaced by a number of small nozzles with equal total area. In fact, as -j::-‘.::
first noted by Tyler (Refs. 3, 4) and proved in his ground runup muffler (Ref. 5), If the nozzles —ﬁ-—;
were sufficiently small, the characteristic center frequencies of the noise would be in the ultra- A
sonic frequency range, which is both inaudible and rapidly attenuated by atmospheric absorp~ ,'._t\
tion. e

BNt
N

The power spectra for a 10,000 Ib. thrust engine at a P.R. of 2.2, overall acoustic A
power level of 174 db, and a variety of nozzle diameters, are given in figure 65. Since the b
number of nozzles required for constant thrust is inversely proportional to the square of the ::-:::{
nozzle diameter, it is clear that rather large numbers of nozzles are required to obtain an N
appreciable shift in center frequency. For example, 32 four inch nozzles are required to }:.;-::
shift the frequency by a factsr of approximately 5.5 and 126 twe inch nozzles are required
to give a frequency shift by a factor of approximately 11. The potential reductions in the 'E:;B:#

o S
w T 7 TTT T T TTTT T T 177717 S
X R
“." 0 [ ;l,..-\.
/ e
o ﬁ
=k A S
- =10 AY e
€ |- - EACA
; I; f = frequency \ e
o W(f) = acoustic power/cps . el
_8_’ LA = total acoustic power \ K0
2 20 / U = exit velocity O
/ d = effective exit diameter (see text) \
a, = sonic velocity at nozzle throat
-~ a, = ambient velocity of sound k
=30 Lt g 1idl Ll b [
0 .02 .05 N .2 .5 1.0 2.0 5.0 10 b
Modified Strouhal number _'O1s =5 Py
x .‘~.o:,.l
Ug 9,
.I~. l\4
Figure 64. Normalized power spectrum for axisymmetric jets issuing from i-”- .
convergent nozzles. N
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lower frequency nolise are impressive, approximately 21 and 30 db for the four inch and two
inch nozzles, respectively. However, these low frequency reductions are predicated on the
assumption that the individual jets do not interfere with each other and re-combine in a large

B
‘l

‘5"‘5‘

. e
.ot

jet of lower velocity. This assumption requires large center-to-center distance, and hence, L
a rather large envelope area for the entire configuration. If the jets are spaced closer than {f:{'.;-'
approximately three diameters, interference results which increases the low frequency radia- R
tion above that given in figure 65, and decreases the high frequency noise raciation relative e J
to figure 65. "‘“"j
T

In contrast to the large potential improvements obtainable at low frequencies from .t;:-::

multiple non-interfering jets, there is an increase in noise radiated at high frequencies over R
that radiated by the single jet of equal thrust. This increase is of the order of 7 db and 10 db S

for the four inch and two inch jets respectively. However, in this frequency region interfer-
ence between the jet flows is beneficial, reducing the magnitude of the increase.

Figure 65 also shows the estimated spectra for two single 10,000 ib. thrust jets oper-
ating at the same P.R., but ot lower temperature, and thus, ot lower velocity. Note that the
center frequency of these lower velocity jets is unaltered from the original, since Ue = a, in
all three cases. Therefore, the reduction in total acoustic power estimated in figure 63 applies
to all frequencies.

The near field directional properties of the axisymmetric jet ot 1000°F have been
discussed in detail in the previous section, and the effect of temperature and velocity on
these directional properties was discussed briefly in Section lI, as well as in Appendix C.
As was noted, it is still impossible to give a quantitative generalization of the effects of
velocity and temperature, singly or combined, on the noise at an arbitrary point in the near
field of a jet issuing from a convergent circular nozzle. Therefore, it is clearly not possible
to be quantitative regarding the directional properties of the noise from a jet of completely

arbitrary geometry.

However, certain basic relationships were observed which can be applied to arbitrary
jet flows. The directivity of noise generated within any region of a jet will be related to b/,
where b is a width parameter characterizing the width of the !ocal jet flow gradient. For
constant value of b/ag 1 the directivity function will sharpen and rotate toward the direction
of jet flow as the local Mach number in the flow increases. For constant bA> 5 and constont
local flow Mach number, the directivity function will broaden and rotate away from the direc-
tion of jet flow as the temperature Is increased. Furthermore, as jet velocity is decreased,
the nolse radiated to the far field decreases much foster than the turbulent fluctuating pressures
themselves. Hence, the sound pressures along the jet boundary do not decrease with velo-
city at a rate commeasurate with the decrease in total acoustic power. A more exact state-
ment of thesn conclusions must await the solution of the jet noise equation developed in

Appendix B.

It Is recognized that the statements in the previous two parographs represent the
weakest link In the prediction of near field noise reduction, and clearly represent an cres
where concentrated experimental and theoretical work is required. However, except for
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regions within approximately one diameter of the jet, the reductions predicted for various
nozzle and/or flow configurations based on total radiated acoustic power, are expected to
dominate for the range of practical engine~nozzle configurations and jet flows. Therefore,
the concepts, methods and conclusions developed relative to various noise suppression
devices in the remainder of this section are considered to give usable results for preliminary
design.

The various devices which have been proposed and/or developed for the reduction
of jet n.'se act to reduce the gross jet velocity, shift the jet frequency spectrum or both,
The following subsections discuss these devices in terms of their noise generating character-
istics in an effort to determine methods for predicting these characteristics.

Coaxial Turbofan Flows

Although velocity reduction, per se, invoives loss of efficiency and increased
engine weight flows, it is possible to attain the objective of lower exit velocity with gains in
overall performance with bypass or turbofan engines. This principie was first pioneered by
Greatrex of Rolls Royce with the Conway engine, and has been extended in this country by
the Ceneral Electric CJ 805-23 "aft turbofan" and the Pratt and Whitney JT3D and JT4D
"forward turbofans.” The bypass ratio, which is the ratic of fan weight flow (w,) to primary
weight flow (w,), varies for these engines between 1 for the Conway to approximately 1.5
for the latter three, all ot takeoff thrust.

The modification of a pure jet to a turbofan conflguration increases the total thrust
by utilizing part of the energy ordinarily exhausted through the nozzle to drive an odditional
turbine stage which, in turn, drives a compressor for the bypass air. Although the thrust of
the primary jet is reduced, the additional bypass flow more than compensates for this reduction,
resulting in a significantly greater net thrust. Furthermore, the engine components can be
matched for cruise power to achieve a lower fuel consumption per pound of thrust (SFC). This
lowered SFC reduces the weight of fuel required to achieve a fixed range and more than
compensates for the increased engine weight associated with the bypass stages and their ducting.
These performance factors are examined as a function of bypass ratio for o hypothetical engine
in Section V.

The jet noise generated by a turbofan engine can be estimated directly from equation
(1V-1), together with figures 63 and 64 when the two nozzles are coplanar and at the same
velocity. However, in most cases the exhaust velocity of the bypass flow will be lower than
the primary velocity, necessitating o more refined method of noise estimation.

Figure 66 gives an example of an annular constant density jet flow for a secondary
to primary velocity ratio (Us/Up) of .5 and a radius ratio rg/r, of 1.5. This solution was
constructed from the solutions for a jet exhausting into a uniform stream (the primary jet) and
exhausting into ambient (the outer secondary flow) from the Section Il and Appendix A solutions.
The velocity profiles for this example are further illustrated in figure 67.

It is clear from the figures that the primary jet is wholly surrounded by a uniform flow
of .5 Up from the nozzle to x/ry equal to 3.5. From x/ry of 3.5 to 6.3, the surrounding flow
velocity var.es between .5 and .4 times U,,, and so on. Thus, the flow of the primary jet is
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constructed for each increment considering the average value of the velocity in the e
surrounding jet. Therefore, the primary core is not as long as shown in the Section | ENERL
example (in figure 17) for a constant value of velocity ratio, but is considerably longer than AR

if it were exhausting into the ambient. It is clear from this example that the resulting
velocity profiles will be a function of both rs/rp and US/U . Further, it is also clear that
the profile eventually approaches, at some axial station, the normal similar profile for a
single jet of constant velocity. The flow downstream of this axial station will be identical
with that of an equivalent single circular jet of the same exit momentum. When the asymp-
totic profile is reached, the momentum equation from Appendix A gives for the combined flow: RN

°of ! - %,2 ; 2 ’ T
o) ’ -‘:' .

where the primes refer to the equivalent flow.

As this combined flow momentum must equal the exit momenium of the annular jets:
ALY _ 2 4 2 ? 1

assuming that the nozzle pressure ratio does not exceed 1.89.

AL B D B B RN VY VISR
X Approximate outer bmndor}, -~ L4__.:

of primary flow Extrapolated

o,

o -* i -
el e oJe

0 2 4 6 8 10 12 M4 16 18 20 22 24 -
/e,
Figure 66. Estimated flow for constant densiiy annular
coplaner jet with U/Up = .5and 's/'p =1.5
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Rearranging gives: :
1 s
4 | 2 Z a !.:..‘
UM._.MP(fP )’é ‘+f% (Us>(ﬂs) — | A
— ! ’ ~‘_‘~"
Up b JQ -ﬁ’ U P Re N
or, for constant density jets: ::'l:j
) b
! 2 2, ’é e
Um _ N |+(U§) ( m-.) — (1v-2)
e = Ue/ |\ TR
Ue b P P
N
Since equation (1V-2) contains two unknowns, b' and Up,', it cannot be solved exactly T
without an additional relationship which demands an exact solution of the for developed NN
for single flows in Appendix A. However, a useful approximate solution can be directly N‘r
obtained wher s's/rp is large and (Ug.,/UP)Z(rs/rp)2 is also large compared to unity. In this o
case, equation (IV-2) reduces to N
NG
) = P Us 55 or ) - = (1v=3) l'.
U B U, T ¥ o
RSAY
But this is exactly the relationship for a single jet with exit velocity of Ug and radius of ry, SN
as would be expected. Hence, at the tip of the core of the equivalent jet, b=rs=r' and o~
m' = Us = U'. Thus, under these conditions the shrouding flow becomes dominant in determin- ::‘-::
ing the final jet. S
M
e
On the othe: hand, when rg/ ry, approaches one, the primary flow must be dominant, T
as is easily seen from equation (IV-2). Here, at the core tip Up' approaches Uy and b' S0
approaches r_, as expected. In order to determine the equivalent single jet flow for intermed-
iate values of r/r, and U /U, several graphical solutions were constructed, similar to figure o
W 66. The resulting equivalent |et parameters are summarized in figures 68 and 69. As shown by -
e figure 68, r'/r grs/r for .5 \<US/U &1, the maximum deviation occurring in the range of *‘C
- 8 re/rp = 1.5, where r'/f =1.35. However, U'/Up does net approach Us /Up until much larger b
3 values of =/, except when Us /Up approaches one. 0
‘\.‘ - \“‘:‘
) ‘ It is clear from the flow profile that the totc! acoustic power generated downstream of pe
T the siaiion where the flow profile becomes approximately identical to that of the equivealen: ¥
’ iet, is simpiy ihe powes expected to be generated by the equivalent jet. However, to estimate
the toiu! power of the entire jet, it i5 necessary to consider the noise generated by the flow
between .he nozzle and the siation where equivalence is definitely attained. Referring to
L figures 66 and &7, the inltial flow is characterized by two individual velocity profiles, each of
: 1 total velocity drop of .5 Up. Astuiing thet the noise generated in the et varies with the P
| eighth power of velocity, the noise generated in this region is very low compared with the oo
. remainder of the jet. Now if the flow at x/rp = 24 hos reacned full equality with an equivalent .'~’:
- flow of U’/UP = .87, and r'/r, = 1.35, it is possible to compute the oxial position of the R
< equivalent jet nozzle which glves the x/r, = 24 flow conditions. For x'y/r' =13, and for a o
n Mach 1 jet as in Section !l, th2 axial posrfion of the equivalent nozzle would be at N
x/rp =24 -13x 1.35= 6.5, Coincidentally, this axlal position is just beyond the region of v
. 95 .
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constant density jets as a function of radius ratio (r /r p)
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Figure 69. Varigtion of the ratio of equivalent velocity (U') to

primary velocity for annular constant density jets as
a function of radius ratio (rs/r‘p} for various valuas

of secondary to primary jet velocity.
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v
’ the jet where the velocity gradient appears as two individual gradienvs and thus is at the e
- beginning of the portion of the flow which might be expected to contribute the major portion s
v of the noise. Hence, as o first approximation it would appear that the noise estimated for a EJ“L
total flow of the equivalent jet would closely approximate the actual noise.

This hypothesis may be directly tested agalnst model experiments by Lee et al (Ref.2). e

These tests consisted of varying the secondary velocity of an annular coplanar jet with T

rs/rp'z'] .5 and rg 222,65 inches. The total acoustic power levels relative to the power level s

of the primary flow, measured where U = 0, are given in figure 70 as a function of Us/Up~ L

. It is clear from the figure that the minimum power is approximately 2 db less than that of the 0N
2 primary alone and occurs at a ratio of Us,/Up =.,5. Considering that the acoustic power is i
4 proportional ta a high power of U, !+ i not surprising that the maximum reduction occurs af o
N Us/Jy = .5. In the early portion of the flow where the gradients of the two flows are separate, el
' minimum noise should result when the difference in velocity between the primary and secondary '*m—;
flow equals the difference between the secondary flow and the external flow or amblent.
Otherwise, the gradient associated with the greater velocity difference would dominate the e

noise generatior: and would result in a higher value than attained with equal differences. The R

relative values in figure 70 were also calculated for the equivalent jet utilizing figures 68 -'.:j-::j
and 69, together with equation (1V-1). The results of this calculation appear in reasonable N
agreement with the data. i@"ﬁ
+4 T T 71 T Y l T l Y

Primary velocity (U :::::?_:'.j

A o 1145 fi/sec. BN
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" beiziy

2 ° 951 <

1l

Relative overall power level i db
=)
]

2L LA RES
.
S . — T
N

-4 | 1 | L ] 1 | 1 | L i~ ‘
0 .2 4 .6 .8 1.0 IR
Velocity ratio US/Up s

Figure 70. Variation of the ratio of total acoustic power to power measured
with zero secondary flow velacity as a function of czcordary {low

velocity (U,) for 's/’p = l.S,Tp' = §70° R: data from Lee et al. e
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Figure 71 gives the power spectra for one of the three test series from Ref. 2. ]

These spectra have been scaled from the original data to 10,000 lbs. thrust to afford direct b

comparison with other power spectra in this section. For this purpose, the overall power level

scales directly with area or thrust, the diameter scales directly with (thrust), /2 and frequency E

scales inverseiy with diameter. s

Examination of figure 71 shows that the minimum power for constant thrust is attained e

by the velocity ratio of .39 which, of those given, most nearly approaches a ratio of .5.

Figure 72 compares the power spectrum calculated for the jet equivalent to the Ug = 560 ft/s, SN

Up = 951 ft/s given in figure 71. Except for the lowest frequency band, the error in o

calculated power spectrum does not exceed 1 db, and the general agreement appears good. T

Therefore, it is concluded that the equivalent jet, defined for coplanar annular flows in N

figures 66 and 67, affords a good prediction of the resulting jet noise. g

v

[0,

s"\

Figure 73 illustrates these result: for a fixed thrust jet of velocity ratio Uy /Us=.5

in terms of bypass ratio. The ratio of bypass jet exit radius (r;) fo zero bypass {et exit radius >

fp] increases rapidly for bypass ratios up to 1.5 and then increases slowly to its asymptotic e

value of 2 at very high bypass ratio. Similarly, the total acoustic power (W') of the equivalent b

jet decreases rapidly for initial increases of the bypass ratio up to ratios of 3 to 4 and then

decreases more slowly to its asymptotic value of 18 db. e
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Mixing Nozzles 5,
- . * - . * L3 l}-\;‘

The class of mixing nozzles applies to nozzles which subdivide the jet exit flow into A

many elemantal jets which have a total jet exit area approximately equal to the original
circular nozzle area, and distribute the elemental jets over a base area larger than the oy
original jet. Several examples (Refs. 6, 7, 8, 9, 10, 11, 12) of mixing nozzles are e
illustrated in figure 74. As wili be shown, the noise reduction of this class of mixing nozzles e
involves both a frequency shift and o lowering of the velocity of the resulting "mixed jet." e
Since a properly designed mixing nozzle can be substituted for a standard circular -_j-\

nozzle, the mixing nozzle offers a possibility of reducing the noise of existing engines. Thus, o

the development of mixing nozzles has been accomplished by aircraft designers as well as -
engine designers. Furthermore, the development and qualification of mixing nozzles involve e
much less hardware and time than the development of an optimum low velocity jet engine. il
Therefore, great emphasls has been placed in developing this class of nozzle, and intensive
experimental research toward this development has been conducted in England and the United
States by both industry and government laboratories during the past eight years.

The early interest in mixing nozzles stemmed from Westley's and Lilley's (Ref. 13)
observation that insertion of toothlike fingers into a 1-inch cold jet resulted in a considerable
reduction of noise. The first full scale application of this concept was made by Greatrex of
Rolls Royce (Refs, 6, 14, 15), followed by Callaghan, Howes and North (Refs. 16, 17) of
NACA Lewis Laboratory. The resuits of the full scale experiments confirmed that the overall
noise was reduced on the o:ider of 3 to 8 db at the angle of maximum radiation but, unfortun-
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ately, the noise was increased toward the side and forward of the jet. Consequently, the A
S reduction in overall acoustic power was only of the order of 1 or 2 db (Ref. 17), with the \
2d primary reduction occurring at low frequencles, and a slight increase occurring at high ~
N frequencies (Ref. 15). S
o) o
" N The desire to minimize the thrust losses inherent with the teeth designs, and -
) simultaneously to retain and maximize the noise reduction resulting from the teeth concept o
4'\3 led Greatrex (Ref. 7) to propose and test the corrugated nozzle. His Impressive results led to ::.-:
';; the extensive investigations of corrugated, segmented and tubular nozzles by Boeing, Douglas, f;:
§ o Pratt & Whitney, General Electric, NACA and others in this country, as well as Rolls Royce N
.ﬁ in England. These efforts culminated in flight hardware, some of which is illustrated in e
i) figure 74, Further, as a result of these research efforts, a considerable body of far field f,;’,r
; N data is available, particularly from the NACA Lewis Laboratory, for a wide varlety of ::-'
K2 nozzle configurations. However, before examining these results, it is instructive to develop ‘s::~
o a method for understanding and predicting the fundomental noise generating parameters for {-t::
L these complex nozzles. e
o s
el The most important and difficult probiem in estimating the noise generated by o o
5 riixing nozzle of arbitrary geometry is the definition of the jet flow. Cnce this definition e
.::}t: Is obtained, the noise con be predicted to varying degrees of accuracy, depending on the ::-j:
‘_-f::-f complexity of the flow, and upon the ncise prediction model which is chosen. Therefore, e
e the foilowing paragraphs begin with an examination of simplified flow models. e
u '§ 101 :‘;::
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Eight-lobe corrugated nozzle| Experimental twelve-lobe | Experimental twelve-iobe

for Rolls-Royce Conway corrugated nozzle tested by corrugated nozzle with é
engine installed onDouglas] NACA Lewis Laboratory centerbody tested by :
DC-8 aircraft NACA Lewis Laboratory :

i

21-tube nozzle developed Daisy suppressor (with Eight-lobe corrugated nozzle :
by Boeing for use with ejector) developed by developed by General .
Pratt & Whitney JT-3 Douglas for use with Electric Co. for their :
engine on 707 aircraft Pratt & Whitney JT-3 CJ-805~3 engine installed :
engine on DC-8 aircraft on Convair 880 aircraft :

Figure 74. Sketches of several mixing nozzles from references 6, 7, 8, 9, 10, 11, 12,
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Figure 75 is a sketch of a section of an axisymmetric nozzle which has several
peripheral tube nozzles. The upper half of the sketch illustrates the jet core, the
outer boundary of the jet and the .6 Uy velocity contour. The distance (b) between the
.6 Um velocity contour and the core boundary or, downstream of the core, the center-
line of an individual axisymmetric jet, was defined in Section || and Appendix A as the
normalizing factor in the non-dimensional radial porometer (77 ) where:

=r=-a
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, Figure 75. Sketch of two nozzles in the plane containing the axis of o o
- implified axisymmetric. peripheral tub le illustrati
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N development of final mixed jet and the mixing of the e
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The lower half of figure 75 shows a square velocity profile at the tube nozzle
exit where U = Ue3 and the asymptotic tip profile from figure 12. The d:taiis of the
flow in the center of this nozzle are deliberately omitted, because it is only possible to
define them in a rather arbitrary manner for a few very special case:. In this conneciion,
it is noted that a theoretical solution for the internal mixing must consider the radial
pressure gradients in the Navier Stokes equation, which, as in Appendix A, are almost
always assumed to be zero in turbulent mixing theories. Furthermore, the geometry of
even the simplest mixing nozzle is rather forbidding for rigorous theoretical analysis.

Fortunately, the details of this internal mixing near the nozzle appear to have
little bearing on the noise generation, except when there is insufficient spacing
between the outer nozzle elements to permit the necessary inflow of ambient air to the
center of the jet, for example, nozzles E and F of reference 18. When the peripheral
spacing is insufficient, the static pressure in the central region of the jet is probably
lowered far enough below ambient to cause a deflection of the outer jets toward the
center. When this deflection occurs, the internal flow mixing Is less complete than
would otherwise be anticipated for the geometry and the low frequency noise reduction
is reduced.

For the example of figure 75, the total exit momentum () e3) is

Me3 = "f e3 Ue32 T reg?

where n is the number of peripheral nozzles.

O '

Assuming the peripheral jets are close enough to combine into a larger, slower
moving jet, denoted by subscript 4, at some downstream station, M3 ="M4 , by
momentum continuity. Assuming also that the combined axisymmetric jet can be repre~
sented by the asymptotic profile of Section Il, then

2 . 2 2
M e Uesﬂpn‘es = T (q"**b*) JQ U4‘ (1v-4)

where a4 is the width of the combined jet core
(which may be zero)
by is the normalizing parameter as
before, except that it applies to the
combined jet.

To the first approximation, the outer circumference of the peripheral tube jets
will mix at the normal rate with the atmosphere. In this case, the maximum velocity
(Um3) wn the centerline of individual tube jets will decrease at axial distances beyond

e

o

PP .. . .

/é P . : AN

. SN A e
P g

’ "1'-‘:)

N the tubo flow core tips until at some axial station it equals the velocity for the internal
\’ -~ or central flow. At this axial station the outer width parameter (b3) for the individual N
'\.-{c tube flows should approximately equal the width parameter (bg) for the assumed combined vas
AN flow. Then downstream of the cores formed by the normal mixing of each peripheral jet, ‘:‘:

,
i
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continuity of momentum (from Appendix A) gives:
2 e
P’ﬂ’ byU.a= )3 m re32 Ue32' (IV-5a)

For a constant density jet, and at the downstream station where b3 is assumed
equal to b4 and U3 = Up4, a simple substitution in equation (1V-5a) yields:

b4 U4 = re3 Ue3 (1v-5b)

Further, by noting that the centerline distance of the peripheral jets from the final
combined flow is rp - feqr then

Q4 2517 = Te3 (1V-5c)
Solving equations (1V-4) and (IV-5) gives for this peripheral tube nozzle:

_0 20 Ues s rp-re3
m4 ('27’e3)"] ]' /:4 ?77-_1

and ag t b4 =(rg - re3) (‘;‘?7571 ) (Iv=-6)

The noise radiated from this simplified model should consist of the noise radiated
by the outer portion of the individual tube flows before they coalesce at some downstream
statior:, plus the nolse radiated by the combined flow further downstream. The combined
flow can be considered identical, beyond the station where the flows have combined,
to the downstream flow of a jet which issues from a nozzle of radius re4d =a4+bgata
velocity Ue4 equal to U4, as shown in figure 76.

Some of the many assumptions which were made in the preceding simplified analysis
can be tested with the data taken by Laurence and Benninghoff (Ref. 19) on the flow from
the three sector nozzle illustrated in figure 77. For the purpose of these computations,
the actual three pie-shaped segment nozzles are replaced by three 1.16 inch radius
circular nozzles which have the same area as the actual nozzles. The center of each
circular nozzle is assumed to act at the centroid of each segment, as shown in the top of
figure 77. From equation (1V-6) Um4 is calculated to aqual .47 Ue3: b4 equals 2.46
inches, and (a4 + bq) equals 4.26. Following the assumptions of the derivation of
equation (1V-6), the station where the flows are expected to be combined is located at
the position where the maximum or centeriine velocity of each of the three peripheral
jets would be expected to equal Um4. From figure 16 in Section || the axial velocity of
a circular Mach .3 jet of radius re falls to .47 of its original velocity at x/rg = 29.

Since re3 = 1.16 Inches, the jet should be fslly combined at an axial distance of 33.6
inches from the nozzle, while upstream of this station the outer portion of the three jets
would be expected to mix in the normal manner for single jets.
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Figure 76. Sketch of two nozzles in the plune containing the axis of a
simplified axisymmetric peripheral tube nozzle similar to
figure 75, tllustrating the super~positioning of a hypothetical
nozzie which would result in the actual combined fiow beyond
some downstream station.
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Figure 77. Example of flow data and comparison with calculated profiles for three~lobed nozzle
at Mach .3. Data from Laurence and Benninghofi.
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The two lower graphs on figure 77 show typical velocity contours measured by

Laurence ot two downstream locations and compare the profiles based on these contours
with the profiles colculated for the individual flows from the relationships given in .
figures 12 and 16. At the x = 8 inches station where x/re3 = 6.9, there is excellent i
agreement between the calculated and measured profiles, indicating that the outer A
portion of the individual flows does mix as expected for a single jet throughout the core
region. At x = 24 inches, where x/rg3 = 20.6, the agreement looks good between the i
velocity profile measured to the side, but the effective center of the individual flow o

appears shifted radially outward by approximately .5 inch from the assumed center given
by the centroid of 1.8 inches from the center of the entire nozzle. Unfortunately, no
profiles are given downstream of 24 inches to determine axial station at which the three
flows bacome indistinguishable in the combined flow.

A further confirmation that the turbulence in the outer peripheral mixing zone is o
similar to that expected for the individual flow is given in figure 78. Here, the normal- .
ized mixing langth ( § ), (see Section I1) derived from the measured turbulence intensity =
and velocity gradient, is given as a function of x/re3, and compared with Laurence's P
data (Ref. 20) for a siugle jet shown in figure 9. The ogreement gives further evidence :',‘.:

=

s
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Figure 78. Comparison of B based on ry., = 1.16 inches for b

3 segment jet ot Mach .3 with § of oxisymmetric g

jet ot Mach .3 from figure 9. Data from Lourence

and Benninghoff. i
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that the mixing of the outer portions of the flows from peripheral nozzles is substantially e

in accordance with the mixing expected for each individual nozzle, at least prior to the L

station where all the jeis coalesce. Therefore, the noise generated in this mixing region b

should have the frequency characteristic expected for the individual nozzies, as given in -

figurcs 64 and 65. Further, the total acoustic power generated can be calculated from - '

equation (IV-1) when the equation is corrected for the total number of nozzles (n) and e

the ratio of the exposed outer periphery (Pe3) of these nozzles to the total periphery of s

n single nozzles, Thus, for computing the total acoustic power in the initial mixing o

region, equation (IV-1) becomes ;L

2

PWL3 =146 + 10 log " de3’ P+ 80 log 23 ~

TnTTdeg) 1000 j:.j

(IvV-7) 0

= 146 + 10 log de3 Pe3 480 fog U63 o

T 505 indbre 10713 watts b

It skzuld be noted that the noise generated by the internal mixing can be negiected :

because the internal turbulence levels are much lower than these on the periphery, as g

shown by Lourence (Ref. 19). These lowered values of turbu ence would be expected .

since the rotal velocity difference between the core of the peripheral jets and that of the B

internal flow is significantly less than the difference across the outer mixing zone, as o

soon as the internal flow is initially accelerated. ::"'

The ncise from combined downstream flow should be approximately equal to the ":: -

noise generated in a similar downstream region by a jet of exit radius equaling a4 + bg -:—;

and of exit velocity equaling Un4, as illustrated in figure 76. For accuracy, this com- e

putation should recegnize that the mixing region of the combined jet between the equiva-

lent nozzle of radius a4 + b4 and the downstream station is non-existent. Hence, the e

contribution of noise from this region to the total predicted for the combined jet should be S

: subtracted. This correction involves the high frequency portion of the acoustic power N

i spectrum generated by the combined jet. Since for practical mixing nozzles the high :;:3:

s frequency power spectrum of total flow is dominated by the noise from the individual tube o

o .‘ flows, this correction appears to be an unnecessary complication and can be neglected,

i :.:'4, alihough the methodology for the correction exists in this report. T

j}: These methods have been applied to the estimation of acoustic power spectra for the - ::

R 3 three segment nozzle, and the results are given in figure 79. For this particular nozzle, Le‘_

- the acoustic power from the mixed flow, which is maximum at a low frequency, is con- :t-?:f

o N siderably less than the power generated by the individual lobes because the velocity of Iy

T the comuined jet is iess than one-half of that of the lobes. Therefore, the primary -

B reduction in acoustic power is evident in the lower frequency region. This computed By
<y reduction of power spectra for two nozzle exit velocities is compared in figure 80 to a 5

. range of power reductions reported by Lee et al.(Ref. 2) for a similar nozzle over the Ay

. :ﬁ same range ot velocities. |t is interesting to note that the computed frequency shift in :-;::

iy the acoustic power reduction, which results from the velocity factor in the modified -

o3 m‘ﬁ Strouhal number of figure 64, generally agrees with the data. .‘.::.:
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The preceding discussion and equations regarding an idealized peripheral tube
nozzle and Laurence's three segment nozzle, were limited to constant density jet flows.
In order to extend the discussion to jets of practical interest, it is desirable to consider
the gross effect of temperature and density. Although, as discussed in Section II, no
usable theoretical solution was found for hot high Mach number jets, the data indicated
that the core length of the hot jet correlated well with the core length of a cold jet when
both were compared at the same flow Mach number. Further, it was inferred that the
mixing rates were also similar, and therefore that the constant density velocity profiles,
mixing lengths, etc., had useful application in the hot jet case.

Recalling from the preceding discussion that the momentum radius of the combined
jet was approximately equal to a4 + by, then the area (Ag4) required for a jet of constant
velocity Ug4 = Um4 which has the same momentum as the original jet is approximately
Tl (a4 + bg)%. The following brief derivation will give Up4 as a function of exit temper-
ature ratio Tg] /T, and area ratio Ag] /Ag4, Where the subscript o refers to the ambient

surrounding air and 1 denotes conditions at the nozzle exit of a standard engine, without
mixing nozzles.

Assuming that the mixing of the jet takes place at constant static pressure,
(Pe] = Ped = Po), and that the perfect gas law applies:

R4 Tea =faTer = AT, (1v-§)

oV
} l‘q“ 13
! ": From continuity of mass flow, the total mass flow rate (m4) across the plane perpen-
) dicular to the jet axis at the station where the flows are combined must equal the nozzle
& ' . . 9
A exit mass flow rate (mgy) plus the mass rate (M) of the inflow from the atmosphere. Thus,
{ for the hypothetical exit of the combined jet:
: -_:6 [ ] Y *
N Sea AcqlUea =Mea= M+ Mg, (1v-9)
NS
‘:-"‘\: From the conservation of heat, disregarding conversion of turbulent energy to heat,
e ond assuming the ratio of specific heats is constant throughout the flow,
R~ "-‘ - . .
.\:.1( rﬂe4Te4 = me]Te] + fnoTo (IV—]O)
A5y
N\ . . sy e .
\‘;:: Eliminating my, from equations (IV-9) and (1V-10) and subsmutmngU for m gives:
P "“sl
o P edPesVedlTes - T PeiAeilei(Ter - To) (Iv-11)
o
:‘:E::: Substituting foj)“ from equation (1V-8) gives:
g
= UedTo
e T 4= (tv-12)
.._.d ed Ued - of Ue(l “ﬁ)
SR
" where d.= A4 /A4
- and B= Ty /Te,
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':f-:fj- Assuming that the inflow from the atmosphere is primarily radial, which appears approxi-
R mately true except for nozzies equipped with ejectors, the axial velocity component

'i - (Uo) of the inflowing mass can be neglected, and applying contjnuity of momentum in
AL the jet,

~ ;. P e4Ae4Ue42 = P elAeer12

N
*.-f‘ Substituting for ? e4 from equation (IV-8) and Te4 from equation (1V-12) and solving
} for Ue4/Ue] ’
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wWith this result, which is summarized in figure 81, it is possible to estimate Ue4/Ue], I,‘_:j
once QL is determined. =
B

8

As previously noted, Ae4 =TI (ayq + b4)2 although neither a4 nor b4 can be S
defined for the hot jet with the precision developed for the constant density jet. o
Fortunately, the majority of practical nozzles have the equivalent of many small
elements, which distribute the nozzle exit area relatively uniformly over the area -~
enclosed by the envelope of the mixing nozzle defined by radius rp. From the last of o
equation (IV-6), which is repeated below, i
1/2 -

re4=a4+b4= l‘2(] -re3/r2)<—-1r—‘72—— ) ‘-

n/%-1 oy

when re3/r2 {1 and n]/z ), re4 approaches rp, the envelope radius, as would be --E
expected. Furthermore, although b4 and a4 have not been exactly defined for the ;f.‘
combified hot fet flow, it is reasonable to expect that here, too, re4 would similarly o
converge to rp. Thus, to a first approximation, A 4 can be considered equal to Ag ~:::
when the effective radii (rg3) of the individual peripheral nozzles are small and the actual Y
exit area is relatively uniformly distributed over the envelope area (A,). This assumption e
enables a direct calculation of the acoustic power estimated for the combined downstream %
jet flow. N
| :{
In order to estimate the noise produced by the initial mixing of the elemental jet :t-:
flows, it should generally be sufficient to consider only those flows on the outer peri- )
phery, since all inner flows mix at a lower turbulence level. As noted in the discussion S
of figure 65, the total acoustic power developed by n separated elemental jets, each of 5
area Ag3, is simply n times the acoustic power generated by one of the elemental jets. e
. . N

Thus, if the total area of the elemental nozzles, nAg3, equais the area Ae of the original g
single circular engine nozzle, the total acoustic power remains unchanged, but the fre- :‘V
quency spectrum is shifted, os illustrated by figure 65. When the n elemental jets are in S
close proximity, as in a mixing nozzle conflguration, their total acoustic power genera- e
. . I . . ~
tion in the initlal mixing region can be considerably less, because only the peripheral
mixing zone is of major importance to the nolse generation. S
o~

Therefore, the total power of the initial mixing process is equal to the total power o

of the original nozzle of diameter dg| times the ratio of the effective outer perimeter of -
the mixing nozzle canfiguration ta the total perimeter of the n elemental nozzles. One e
reasonable approximation of this perimeter ratio R for n nozzles each of radius rg3 is given o
by: ..::.
R = r2/r83 +.18 np = 1 (1v-14) ,:..:'_

n o

tf .

where np, is the number of elemental nozzles on the outer periphery. %

With the above approximation, the total acoustic power radiated in the initial “:_':"
mixing region for n uniformly distributed elemental nozzles is: s
13 :.—':

o'.:~

o
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PWLg = 146 + 20 log dg3 + 10 log nR + 80 log U3 , in db re -

10713 watt 1000 (IV-15) b

and the total power radiated by the combined jet flow is: j:Z:‘j

PWL4 = 146 + 20 log de4 + 80 log Ue4 ,in db re 10719 wotf(w_‘é) :;::

1000 =

The spectra associated with these two acoustic powers are derived from figure 64. L:

The general results of these considerations are clearly illustrated in figures 82 and }:_',.j

83. Figure 82 gives an example of varying the envelope radius and hence the ratio N

r2/re1 for an idealized tube mixing nozzle for a 10,000 Ib. thrust engihe with 1850 ;

*
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ft/sec. exit velocity. Here the diameters of the elemental tubes are held constant at

4 inches. When rp/ ra] = 1, the elemental nozzles are distorted and not separated, and
the nozzle is simply the original circular axisymmetric.nozzle. As the ratio ry/re]
increases, increasing the separation between the elemental nozzles and increasing the

area Ag, the noise spectrum shows two maxima. The spectral peak at the lower frequency
results from the combined jet flow. It will be noted that as the ratio r2 /re] increases
indefinitely the low frequency maximum disappears, as expected for elemental jets whose
flows do not combine into a single larger low speed jet. In addition, as rp/re] increases,
the level of the higher frequency maximum, associated with the peripheral elemental fiows,
increases until it reaches the spectrum generated by the summation of all of the elemental
flows, each acting individually. Note that the level of noise from these mixing nozzles
at frequencies above the upper frequency maximum is actually greater than the levels
generated by flow from the origincl single nozzle. Thus, the noise reduction of the mixing
nozzles is maximum throughout the middle frequency region, a fact which has plagued
nozzle designers who desired to reduce the level of high frequency noise reaching the
community.

Figure 83 illustrates the effect of varying the radius (rg3) of the elemental nozzles
retaining the ratio rp /rgy constant at 1.5. 1t is clear that a reduction of element radius,
increasing the number of nozzles to retain the necessary constant exit area in accordance
with figure 65, reduces the level and increases the frequency of the high frequency peak.
Thus, for a fixed ratio of r3 /re}, the nozzle proposed by Tyler (Ref. 4) which had a very
large number of very small elements will give the maximum noise reduction at the higher
frequencies.

These methods were applied to the calculation of the acoustic power radiation from
the two NACA twelve-lobe nozzles sketched in figure 74. The results of the estimated
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power spectra for these two nozzles are compared with the data* (Ref. 8) in figure 84. Ze

The agreement appears good in the low frequency region, tending to justify the assump- i

tion that re4 = r2 and the calculation of Ugg from this assumption and figure 81. The N

high frequency maximum appears correct as estimated for the nozzle without centerbody D

but 2 to 3 db low for the nozzle with centerbody. These latter high frequency data also >

suggest that the re3 chosen for the lobes as scaled from the figure in reference 8 may <3

have been slightly too large, resulting in a lower estimate of the center frequency for o

the elemental flows. Further, the data suggest that the periphery ratio R, defined by i

equation (1V-14 is too optimistic when the spacing between the lobes becomes large, :'_j-:

violating the original assumption of a relatively uniform distribution of the elemental e

flows throughout the entire envelope area. Nevertheless, this idealized prediction -

procedure appears to be a very useful tool In determining the general noise-generating o

characteristics of an axisymmetric mixing nozzle. o

The results of the preceding three figures indicate that the reduction in power =

spectra from practical mixing nozzles will have falrly well-defined limits, since the -

envelope radius ry and minimum element radius re3 are both limited from practical con-
siderations. The limitations are evident in the range of power spectra for ten examples
of tube and corrugated oxisymmetric mixing nozzles (Refs. 2, 9, 18, 21, 22), shown in

_\w figure 85. The nozzles include 2, 3, 6, 8 and 12-lobe configurations and 11, 19, 21 oY
‘ s and 31-tube configurations. The maximum power reduction which is of the order of 15 db R
3 at 300 cps was obtained with the 12-lobe nozzle with centerbody, discussed with figure NN
Wi 84. Simultaneously, the maximum increase in high frequency noise in figure 85 resulted o
) from this same nozzle. Egij
)
oy Figure 86 gives a similar presentation for 8 nozzles with rectangle envelopes of ~
-~ varying aspect ratios obtained from NACA experiments (Refs. 9, 18). For the majority e
',:: of these nozzles the ratlo A /Ag] was held approximately constant, accounting for the o~
N narrow range in the low frequency power spectra, However, two of these nozzles, E i
j and F, had much poorer low frequency performance than the other six, as shown in the o
;‘4,‘- figure. For both of these poorer nozzles the rectangular elements had much higher aspect R\
N ratios In comparison with the other six, making it difficult for amblent air to mix with the :}':
$‘d Interior flow. Hence, it Is probable that the internal flow could not galn sufficient mass ::
e flow to slow down to the velacity expected from the area ratio A2 /Ae] and, therefore j'-::‘.
i the actual equivalent area (Agq) of the combined flow is less than Ag. This result Kyl
e emphasizes the importance of providing sufficient access to the central reglon of the flow B
‘:‘.:'.} for the necessary inflow of air from the surrounding amblent alr. e
g0 o
WO
N *The measured data for the nozzles given In figure 84 and other similar figures have been P
d derived by applying the measured reductions of acoustic power as reported in the litera~ e
'.\ ture, to the generalized J57 spectrum which has been utilized throughout this report. N
] : This procedure is necessary to minimize the variations of ground attenuation, for example o
o figure 53, which have affected almost all measurements of jet noise in varying degrees. ::::
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The effect of the spacing between the nozzle elements has interested several
investigators, including Rollin of NASA (Ref. 23). His investigation was entirely with
a rectangular array which does not exactly fulfill the assumptions for the derivation in
this section. Nevertheless, it is interesting to compare the reduction in overall acoustic
power predicted by these methods with his results. This comparison Is given in figure 87.
The results of both prediction and experiment agree that a minimum In total acoustic power
should be found for this nozzle array at spacing ratios between one and two, and that the
effect of the width of the individual rectangular elements is slight. However, the predic-
tions do not account for the effect of nozzle pressure ratio on power reduction which
appears in the data in the neighborhood of a spacing ratio of one. Nevertheless, the
general agreement is sufficient to indicate that these prediction methods are approximately
valid over a considerable range of arbitrary nozzle geometry.
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Figure 87. Comparison of calculated variation of relative acoustic power
with spacing ratio with measured values for 5-segment rectangulor
nozzle for several values of segment width. Data from Roliiin,
NASA TN D-770.

The total acoustic power from an idealized mixing nozzle is the sum of PWL3 and
PWL4 glven in equations (IV=-15) and (IV-16) respectively. The results of these equations,
as demonstrated In figure 84, appear fairly valid when the nozzle flow is relatively
uniformly distributed over the entire envelope area. Therefore, it is useful to apply these
equations to determine a measure of the minimum overali acoustic power obtainable by an
Idealized mixing nozzle. The resuits are summarized in figure 88, as a function of the
ratio of envelope radius to the radius of the original single nozzle for several sizes of
typical elements. It Is clear from the figure that o relatively lorge reduction In sound
power can be obtained by increasing the envelope radius from 1.25 to 1.5 times the
radius of the original jet. In this region of radius ratio, the overall sound power is con-
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troiled by the low frequency spectrum of the combined flow, as illustrated in figure 82.

However, further increases of the radius ratio beyond approximately 1.5 do not result in
further decreases in total acoustic power because the total power becomes controlled by

the high frequency noise generated by the initial mixing of the individual elements, and
this power increases as element spacing increases.

In addition, figure 88 shows that the totcl acoustic power is minimized by minimiz-
ing the size of the elemental nozzles, which was seen in figure 83. Thus, for a range of
elemental nozzle diameters between 4 and 2 inches for an engine of the J 57 class, or
more generally for a range of ro3/r| between .18 and .09 the maximum acoustic power
reduction for an idealized mixing nozzle varies between 5 and 8 db, and is obtained ot
ratios of ry /re| between 1.25 and 1.5. Additional 1eduction in power requires utilization
of smaller elemental nozzle sizes.
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Figure 88. Computed variction in total acoustic power for idealized
mixing nozzle relative to standard nozzle for Te) /Ty=3,
as a function of the rotio of the mixed jet radius to standard
nozzle exit radius with element size as o parameter.

Ejector Nozzles

Another method of reducing the velocity of the jet stream, ond hence its noise
generation, is by the use of an ejector which shrouds the jet. If the ejector is sufficiently
long and has sufficient entrance area, it will pump enough secondary air to reduce the
averoge velocity of the jet ot the ejector exit and achieve a relotively squore profile.

If these conditions are fulfilied, the approximate exit velocity from the ejector con be
obtained directly from equation (1V-13) or figure 81, which neglect the effect of the axial
momentum of the secondary cir flowing into the ejector. Although for most practical
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purposes this secondary air momentum is negligible since the entrance velocity is low,
equation (1V~13) can be modified to include the effect of secondary air velocity (U,)
with the following result, as shown by Dyer et al (Ref. 24):

R RO T Y TR

Unfortunately, on ejector must be many diameters long to obtain sufficient mixing
to achieve a relatively square velocity profile and the resulting minimum U4/Ug predicted
by 0/ , the ratio of nozzle exit area to ejector exit area. Therefore, the apolication of
relatively short practical ejectors whose length is of the order of one to two times the
diameter of the primary jet to standard nozzles results in almest no reduction in centerline

- e

R LR k- SRR

velocity, Hence, as shown by North and Coles (Ref. 25), the corresponding reduction of
total sound power is insignificant.

However, considerably better resuits are achieved (Refs. 26, 27) when an ejector N
is attached to a mixing nozzle. [n this case, an ejector, approximately two standard N
nozzle diameters lony, shrouds the major portion of the initial mixing region. Since in Ei

this region the outer periphery of the multiple nozzle is greater than that of the standard
nozzle, there is an increase of momentum exchange relative to the standard nozzle and a
corresponding increase in the efficiency of the ejector per unit axial length. Therefore,
the velocity profile across the exit of an ejector which is combined with a mixing nozzle
approaches the idealized square profile much more closely than does the profile of the
same ejector when utilized together with a “tandard nozzle. Consequently, the low
frequency portion of the acoustic power from the ejector-mixing nozzle combination
apprcaches the levels shown in figures 82 and 88 where ry is considered to be the ejector
radius.

v

S TERTY

IR P PR

In addition to the reduction of low frequency noise generation, the addition of an
ejector can reduce the high frequency power generated by the elemental jets on the peri-
phery of the initial mixin~ reglon. This reduction results from the reduced velocity
difference between the cores of the elementul peripheral jets and the secondary velocity
induced in the ejector intake, in accordance with the footnote to equetion (IV~1). For
example, if the induced secondary velocity Us is one-tenth of the primary exit velocity,
the sound power generated in the shrouded portion of the initial mixing zone would be
reduced by approximately 4 80 log .9} . a 4 db reduction compared to the power gener-
ated in this region without the ejector. To maximize the net reduction, it appears that
the ejector should shroud the ertire length of the initial mixing region, where the high
frequency noise is generated. Therefore, for a J57 engine viith a mixing nozzle whose
typical elements have a two-inch radius, it would be desirable to shroud for ar axial
distance approximately equal to the first 20 - 25 elemental nozzle radil. This ejector
would be between 40 and 50 inches long, or of the order of 1.8 to 2.2 times the standard
nozzle diameter of 22.5 inches. Note that the optimum {ength also depends on the ratio
between ejector radius and the standard nozzle radius, to assure that its length covers the
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entire initial mixing zone as previously defined for mixing nozzles.

These comments regerding the effect of the ejector on the high frequency spectra
are confirmed by the data (Refs. 26, 27) given in figure 89 for four ejectors with mixing
nozzles. Note that the high frequency acoustic power with ejector is less than or equal
to that of the standard engine, whereas the high frequency power of the mixing nozzles
alone shown in figures 85 and 86 was generally higher than that of the standard engine.
This reduction of high frequency power resulting from the addition of an ejector to a
mixing nozzle is of importance to community noise and was probably a major considera~
tion in the design of the Douglas 8-lobe Daisy-ejector combination suppression nozzle.

The ejector has additional potential for the reduction of the high frequency noise,
if its inner surface is made to be acoustically absorbent. For example, if the ejector
covered the entire initial mixing region, and were capable of absorbing all of the high
frequency noise generated in this region, shown in figures 82, 83 and 88, the radiated
power spectrum should approach the idealized spectrum for the combined jet flow alone.
Thus, the absorbing ejector has the potential capability of significantly improving the
performance of the mixing nozzle beyond the limits shown in figure 88. Furthermore,
the shrouding effect of the ejector will always be of major benefit to structure in the
near vicinity of the exhaust nozzle.

Slot Nozzles

—

It has been shown in the mixing nozzle analysis, figure 82, that achievement of
maximum low frequency reduction by replacing a single nozzle with a large number of
small nozzles in an axisymmetric array with their higher characteristic frequencies,
involves a relatively large separation or the nozzles. Another basic configuration for
attaining the potential frequency shift shown in figure 65, is to distribute the elemental
nozzles in a long line, perhaps along a wing trailing edge. A major step in this direction
is embodied in the high aspect ratic slot nozzle.

Several model scale experiments with slot nozzles have been conducted by NASA,
Lang'ey (Refs. 28, 29) to determine both the noise rodiation characteristics and the
possibilities of utilizing the slot nozzle in conjunction with a wing flap to augment low
speed lift. Although no acoustic power data were reported, the various spectra showed
the presence of considerably more low frequency energy than would be anticipated from
figure 65. Further, the results indiceted that the pressure fluctuations on a jet cugmented
flap would be sufficient to warrant special design of the flap structure to avoid acoustic
fotigue.

A full scale experiment on slot nozzles of 14:1 and 100:]1 aspect ratio reported by
Coles (30 also confirmed thet the low frequency noise generated by the slot nozzle, far
exceeded that expected for independent circular nozzles of diameter equal to the slot
width. The corrected power spectra for Cole's 100:1 slot nozzie, stondordized J57, ond
idealized 126 two inch diameter independent nozzles, are summarized in figure 90. It
is clear that the high frequency power generated by the slot nozzle in the vicinity of the

124

RN IR SN S L . LIRS
R R R AT S AN S R R A . L. . et
DR STIL R N P L L Y M LA o e “

Cet .

S e e e e e e
PRy Y SN YA SR D IRR N R TN

s, .

1* e ‘et

.
O

.,

. “' (.l‘ l' ‘. l‘ i«
et

R S N AN
e
e
2

Ty
[]
N



Power level spectrum in db re 10713 watts/cps
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Figure 82. Range of sound powar specira for four mixing nozzle - ejectar
combinations. Original noise reduction datc from NASA TN 317,
4261 and D-871 have been applied to J57 power spectrum.
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'_',-‘_;.: peak of the spectrum for two inch nozzles exceeds the power generated by the standard -
: .:.f-fg J57. Considering only this high frequency portion of the spectrum, and utilizing the =
"o periphery ratio concept which preceded equations (1V-14 and 1V~15), it is noted that the ’
. ‘ periphery of the slot nozzle (33.7 ft.) is approximately one-haif that of the 126 two-inch ;
' _\.::fj diameter jets (66 ft.). Therefore, it would be expected that the total acoustic power of o
-"-"«.:: the high frequency region would be of the order of 3 db less than that of the standard engine. '
:,'-: This expectation is approximately confirmed by the data. oy
4

3 However, the flat low frequency portion of the spectra shown by the data is not =
expected from this initial rough analogy. In fact, it was this apparent inconsistency R

between data and expectation which partially motivated the analysis of the flow from ‘.

slot jets in Section |l and Appendix A. The results of this analysis showed that the mixing }

region adjacent to the core of a slot jet, and the length of the core were approximately "

equivalent to an axisymmetric jet which had a diameter equal to the slot width. However, -

as shown in figure 20, the velocity downstream of the slot jet core decreased proportional B

to x~1 2, a much slower rate of decay than that of the axisymmetric jet where the center- "«

line decay is proportional to x~1. Therefore, downstream of the core, the acoustic power "

per unit axial length should decrease as x=4 for the slot jet, as compared to x~7 predicted f:

for the axisymmetric jet from the same dimensional analysis. |t is believed that this lower e

rate of axial velocity decay is responsible for the jet's generation of the additional low .

frequency acoustic energy which results in the rather characteristic slot jet power spectrum ,E

shown by the data in figure 90. -

Figure 90 also contains a first order estimate of the power spectrum of the slot jet. :::

This estimate utilized the power spectra from figure 46, and overall power per unit axial .

length from figure 45, and the x~4 relationship, all adjusted for the slot jet flow solution E

of Appendix A. The resulting prediction shows a large enhancement of low frequency -

power relative to the axisymmetric case, which is generated for a very great distance -

‘ downstream. However, although reasonable agreement of prediction with the data is 9
found above 1000 cps, the estimated low frequency power spectra are considerably lower -
) than the measurements. Although this discrepancy could result from turbulence generated .
"y internally in the high flare slot nozzle, it is more probable that the data represent a >
oy typical slot noise spectrum. Hence, the increase in low frequency power of the slot jet "'.
":::\: over the circular jet is greater than the estimate. This result is not surprising In view of N
NN the discussion of figures 41 and 48, where it was concluded that the turbulence levei in N
Ay the high Mach number flow does not fall off as rapidly downstreum of the core as does the .
._ centerline velocity. Hence, as shown in figure 45, the x~ 7 law does not apply until very b
B\ for downstream. Similar reasoning applied to the slot jet leads to the conclusion that the =
¥y reduction of power per unit axial length downstream of the slot jet core also is probably "
N slower than the reduction of centerline velocity. Consequently, the x™4 law utilized for -
% the estimate gives too much reduction of acoustic power generation with axicl distance. -
Therefore, the estimated low frequency slot jet power spectrum, clithough exhibiting the -

proper trend, is too low in level, ¥

These results, although far from providing a good prediction methed for tha slot jet, -

do serve to confirm the flot low frequency characteristic of the slot jet power spectrym. g

Consequently, the reduction in acoustic power spectra attainabie with a slot jet is nowhere .

. near thot obtained by a large number of nozzles whose diometer is equal to the slot width, %
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LIST OF SYMBOLS USED IN SECTION IV

Area
Sonic velocity
(varies with T)
Core radius
(varies with x)
Gradient width parameter
Diameter
Frequency
Per cps
Momentum
Mass
Number of nozzles
Periphery
Presture
Pressure ratio
Power level re 1013 watts
Radius
Perimeter ratio
Rectangular nozzle spacing
Temperature
Rectangular nozzle width
Flow velocity
Power
Weight
Axial distance from nozzle
Core length

Equivalent
Time derivative
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Greek

Vo> = o R

Subscripts

—

Agi /Ae4
To/'re'l
Mixing length

Radial parameter =
r-a

'y

Wavelength

Density

At nozzle throat
Ambient
Reference or standard
jet (P.R. £ 1.89)
Envelope radius of
mixing nozzles
Characteristic of
divided flow
Characteristic of
combined flow
Exit

Maximum at a given
axial station
Perimeter

Primary

Secondary

Total

SRS 4|

T s

O /1A

-

.'.'::'v’j'-”t’}""' ". N

&
.

a -“'_ o

R Hs |}

y 5

‘y

a4

T E_r F 5w v .
RN e

-'Jp-':
e

.« s«
l‘."t"

A A

v
P4

K
-

»
LR




S I
L

"
.

Rt
L4

43
’

.“:

XWX RN

SR

e
. .
el
L)

-

XN
')

.

>

ﬂb\ GSI'» -8

%
.

.
.

.

sJJ

>
2"s

*

.

2y

v

-

AL

‘(x

A3

1.

10.

1.

12.

13.

14.

RGO COL O LARN RS RE LY
“~ ‘\!_:: J,'h ."‘u \.,, -.s‘: R RN

Section IV

References

Eldred, K. M., "Review of the Noise Generation of Rockets and Jets, " JASA 32
(1502) 1960.

Lee, R., et al, "Research Investigation of the Generation and Suppression of Jet

Noise," General Electric Co. Report of 16 January 1961 for the Navy Bureay of
Weapons.

Tyler, J. M. and Perry, E. C., "Jet Noise," Pratt & Whitney Aircraft Report PWA
Inst. 451, 1954,

Tyler, J. M., "A Jet Exhaust Silencer, " Pratt & Whitnay Report 469, 30 March 1955.

Tyler, J. M., "Suppression of Jet Engine Noise During Ground Running, " Pratt &
Whitney Report Inst. 483, 16 April 1956.

Greatrex, F. B., "Aeronautical Acoustics - in Particular Jet Noise, " Journal of the
Royal Aeronautical Society, London, April 1954.

Creatrex, F. B., "Jet Noise," Fifth Internationa! Aeroncutical Conference, June 1955.

Ciepluch, et al, "Acoustic, Thrust, and Drag Characteristics of Several Full Scale
Noise Suppressors for Turbojet Engines, " INACA TN 4261, April 1958.

Greatrex, F. B., "Noise Suppressors for Avon and Conway Engines," given at
ASME Aviation Conference, Los Angeles, 9-12 March 1959.

Adams, H. W., "Mechanical Engineer's Solution for Noise Suppression, " given at
ASME Aviation Conference, Los An; ‘les, 9-1Z March 1959.

Koenig, R. J., "Noise Control Measures for Jet Transport Operation,* glven at
ASME Aviation Confersnce, Los Angeles, 9-12 March 1959.

Photograph in Los Angeles Times dated 30 September 1959, Boeing 21 Tube.

Westley, R. and Lilley, G. M., "An Investigation of the Noise Field from a Small

.“ L &'

A T B,

e
s

»

.t RS TR s
;‘4@&.‘,:_‘(’;,\&’-&‘»‘\ ki [‘- EORN

S
NS

PR R R L T. e A
a * .
LSRR R o ) PRI

.

e ..:gg.‘.
DT PLI SN R

FET T
a: w &

el
b

LRI
P

“
4 % %
- .

»

Jet and Mathods for its Reduction,” Rep. No. 53, College of Aeronaytics, .'_~‘l
Cranfield, England (1952). ;_
Greatrex, F. B., "Engine Noise," Joint Symposium on Aeronautical Acoustics, \
(London), 21 May 1953. N
"

4.

(continued) b

H

1 P

=

-

-

R

LS UL S S S SR T P St ST S AU A LS '-P.'f A MRS 00 N -, ".“'.‘.‘.“‘n.‘\:'-" HCRERE RS ..‘..:’

X AR o - <&, T e e e L OISR E PR NGRS
\. ) ..‘ .}'?“ Y ) N » " ?x‘.;_fs’..'!l'f) q‘::"h.': ":.1‘- 1'.‘-':. AN




PACIG g pv e B |

--?’ e PN P e

R
A
~
& “'
‘-

15.

16.

17.

]8’

19.

20.

21.

22.

23.

24.

28.

Mercer, D. M. A., et al, "The Effect of 'Teeth' on the Noise from a Jet Engine,"
WADC TR 54-224, September 1954,

Callaghan, E. E., et al, "Tooth Type Noise Suppression Devices on a Full Scale
Axial Flow Turbojet Engine," NACA RM E54-B01, 29 March 1954,

North, W. J., "Summary Evaluation of Toothed Nozzle Attachments as a Jet Noise
Suppression Device, " NACA TN 3516, July 1955.

Coles, W. D., Calloghan, E. E., "Full Scale Investigation of Several Jet Engine
Noise Reduction Nozzles," NACA Report 1387, 1958.

Laurence, J. C. and Benninghoff, J. M., "Turbulence Measurements in Multiple
Interfering Alr Jets, " NACA TN 4029, December 1957.

Laurence, J. C., "Int:ansify, Scale and Spectra of Turbulence in Mixing Region of
Free Subsonic Jet," NACA Report 1292, 1956.

Eldred, K. M., "Noise Measurement of Rohr Aircraft Model Jet Nozzles," Paul S.
Veneklasen & Associates Report No. 238-11-1, 14 March 1958.

Unpublished data in Western Electro-Acoustic Laboratory, Inc., files.

Rollin, Vern G., "“Effect of Multiple Nozzle Geometry on Jet Noise Generation, "
NASA TN D-770, September 1961.

Dyer, I., Franken, P. A., P. Westervelt, "Jet Noise Reduction by Induced Flow,"
Journal of the Acoustical Society of America, August 1958, pg. 761.

North, W. J., and Coles, W. D., "Effect of Exhaust Nozzle Ejectors on Turbojet
Noise Generation," NACA TN 3573, Odober 1955,

Coles, W. D., Mihaloew, J. A., Calloghan, E. E., "Turbojet Engine Noise Reduction
with Mixing Nozzle-Ejector Combinations," NACA TN 4317, August 1958,

Coles, W. D., Mihaloew, J. A., Swan, W. H., "Ground and Inflight Acoustic
Performance Characteristics of Jet Aircraft Exhaust Noise Suppressors, " NASA
TN-D-874, August 1961.

Moglieri, D. J. ond Hubberd, H. H., "Preliminary Measurements of the Noise
Characteristics of Some Jet Augmented Flap Configurations, " NASA Memo p. 2-4-58L,
January 1959.

(continued)

130

o a0
.....



oot 74
A -
LIl O
L)

*

.'.‘ 3 T
0 ,;
Agv,p
A
*» a2 =T

Py
PR

.l
L4
Y
"
el

5
.

. Y
-

29. Fink, M. P., "Aerodynamic Characteristics, Temperature, and Noise Measurements
of a Large Scale External Flow Jet Augmented Flap Model with Turbojet Engines
Operating, ' NASA TN D-943.

»

P OCIF
LR RS Y

TS
AN AN

30, Coles, W, D., "Jet Engine Exhaust Noise from Slot Nozzles," NASA TN D-60,
September 1959.

.,...
RACIRN

PP e
' ‘e
S 1

" s s s

H

il

A

'...

,'.‘|'-.' et
v

L'L VY

P T
. o
L .t

~

o

',s} b
o’ i~
A
N a2
pAc?

( o
.‘;1:“' :. -
Al . Al

L] J ‘I-.
l‘."' -~,q
J‘.:v ‘n’.

) T ® .
™~ s
Y g
Ay [ ]
) lan

~ .
N
%
AKX
\'n\ A
At oo
LW ; “v..
ol 2 -
o A
c..:i: '.‘.‘
'..’ i ‘:‘:l

. i R
« R

e
. ) »
NN O
~ 0. - .
“, . -
s s

~ LA
) W Ny ’..
"y




SECTION V

PERFORMANCE ASPECTS OF NOISE SUPPRESSION
NOZZLES AND TURBOFAN ENGINES*

The methods for reducing jet noise discussed in the preceding section included
mixing nozzles, ejectors, and slot nozzles. These devices have generally been designed
to attach to, and "quiet," existing engines. The other way to reduce fet noise, discussed
in Section 1V, involves design of entirely new turbofan engines. This sectior: discusses the

performance galns and penalties inherent in suppression nozzles and a modern turbofan
engine.

Suppression Nozzles

The losses in static sea level thrust for mixing nozzles which have been quoted

range between 1% and 12% (Refs. 1, 2, 3, 4, 5, 6) with the better thrust nozzles averaging
between 1% and 2%. However, the 12-lobe nozzles with and without centerbody, which
were among the best noise reduction nozzles and were utilized for the example of figure

84, had static thrust losses (Ref. 2) of 6% and 3%, respectively. The main reason for this
thrust loss is probably the induced low static pressures on the rearward canted areas of the
nozzle. In addition to thrust losses on the ground, the mixing nozzles are subject to drag
penalties in flight of the order of 1% to 3% of total aircraft drag, resulting from base drag

losses, increased skin friction and interference between peripheral nozzle elements at high
Mach number.

Unfortunately, the optimization of a mixing nozzle for acoustic performance generally
degrades its aerodynamic performance. Maximum noise reduction requires increased nozzle
envelope area and increased numbers of uniformly distributed smaller elemental nozzles.
On the other hand, optimum thrust and drag performance, for other than a circular nozzle,
leads toward minimum segmentation, such as a high aspect ratio slot nozzle or a 4-lobe
nozzle arranged In a cross. Both of these latter designs can be designed with nozzle thrust
coefficients which are practically equal to the standard circular nozzie. Further, both can
be designed to avoid the drag penalties of the lobed nozzles caused essentially by "crowd-
ing" the boundary layer flow into narrow, rapidly diverging passoges. The slot nozzle
offers excellent possibilities in tail-mounted twin engine alrcraft configurations, with the
nozzle itself forming the trailing edge of the engine pylon.

The arrangement of o tail mounted engine, Caravelle style, Is aerodynamically not
a simple task. The interference between the body and the converging parts of pylon
and nacelle, forming diffusers, under the aggravegated conditions of the very thick body

*The major portion of this section was contributed by R. Kosin of Norair Division of

Northrop Corporation, who was the consultant for this progrem in the area of engine and
aircraft performance and design.
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boundary layer with local Mach numbers close to one, cause high drag, many rimes as g
as the normal friction drag. This condition can be remedied by enlarging and flattening

of the "channel" between body and nacelle. This remedy results automatically from a
transformation of the standard nozzle or usual multilobe, etc., nozzle, to a slot nozzle
extending to the fuselage. Additional improvement results from a reduction of the pylon
trailing edge which in turn results automatically with the configuration. A drag estimate
without careful wind tunnel tests is of no real value in a discussion of the problem, but to
the experienced aircraft engineer, the logic of the thought will be convincing and if he
endeavors to improve an aircraft, he might use wind tunnel and analytical work to clarify
the problem to ihe desired degree.
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The use of the slot nozzle in connection with the jet flap principle has been sug- :

gested by some authors, hoping fo draw some additional benefit from the jet fiap application. &

Extensive wind tunnel work by NASA has shown that the jet flap shows worthwhile gains v

only with high thrust-weight ratios at which a reasonable glide angle cannot be realized. ""

So, at least at present, the slot nozzle in connection with the jet flap has to be discarded ~

from practical considerations. g

The addition of an ejector to a mixing nozzle can result in an increase of static E

thrust of the order of 1% to 3% (Refs. 1, 2) over the thrust of the mixing nozzle alone. Thus, 8

if the mixing nozzle has a thrust loss of 1% to 2%, relative to the standard circular nozzle, -

the ejector offers the possibility of recovering this entire loss and achieving static thrust :;

values equal to or greater than achieved with the standard nozzle. This thrust augmentation g

results from the negative axial pressure acting over the nose of the ejector, resulting from %

the acceleration of the secondary air flowing Into the ejector. This advantage In thrust is =

generally lost as soon as the aircraft has attained a relatively low flight velocity. Further- s

more, at higher alrcraft cruise velocities, the drag penalties of a fixed ejector are usually f.:

high, up to the order of a 7% increase in total aircruft drag (Refs. 1, 5). Therefore, "\

ejectors for subsonic and transonic aircraft should be retracted during cruise. Note that for ;‘

supersonic cruise a properly designed ejector ylelding a convergent-divergent nozzle can -

be used in flight to improve overall performance. From an overall performance viewpoint ::_'

the combination of a 4-lobe nozzle with retracting ejector offers an attractive possibility. b

Further, from the acoustic requirements, although the 4-lobe design without ejector is far j'{f

from optimum, the 4-lobe nozzle with absorbing ejector could give good acoustic perform- "

ance, particularly in the near fleld in the vicinity of the nozzle. ki

It is clear from this brief discussion that noise suppression nozzles involve performance "

penalties, at best on the order of 1% in all categories (Ref. 7), for minimal suppressors. .

Further, these penalties do not include consideration of the reliability of complex nozzle -

geometry, relative to fatigue. Therefore, it Is desirable to examine the turbofan as an .

alternative method of reducing jet noise. ;.
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Turbofan Performance -
The results of Section |V demonstrated that large reductions of jet noise can be
achieved by reducing the effective jet velocity, utilizing the bypass or turbofan engine.
The limit of these reductions is given by machinery noise, combustion noise, and turbulence
developed in the engine flow upstream of the rozzle. e
The noise of the rotating machinery can be prevented from radiating from the front
of the engine by a sonic throat in the air Intake, which allows inlet noise reduction to any o
§ desirable practical level. A variable (sonic) throat will be required due to the variation of
L engine mass flow with flight speed and power setting. However, this variable throat is of no A
: greater complexity than ordinarily encountered with a supersonic inlet, and with some aero- o
\ dynamic development work the efficiency can be kept high enough for all practical purposes. f:‘“
: : For the part of the machinery noise emanating from the rear end of the engine, no such simple
,{"'2 and effective solution Is available. If it Is necessary to reduce this part of the engine noise, "j
; sound attenuation by duct lining with sound absorbing material or resonators seems to be the o
*E only practical answer at present. For sound attenuation with a lined duct, maximum duct x}}‘..:
£ length is advantageous, therefore front fans will be favorable to reduce noise radiated by i
o the fan to the rear. However, the mechanical solution of front fans with bypass ratios )
- greater than 1.5 or 2 is not simple, because with high bypass ratios the fan should run with
"X a lower speed than the gas generator compressor to avoid excessive fan tip Mach numbers or
::.‘-: too low tip Mach numbers for the gas generator compressor will result, i.e. at least two if -
Y not three coaxial shafts or a gear assembly will be necessary. o
o Generally, it can be stated that the machinery noise will go up with increasing s
w3 bypass ratio (secondary to primary mass flow rate) while the jet noise in turn will be reduced. DAY
tg_ Therefore, the design of a turbofan engine with a required noise level is basically determined N
P by the selection of the appropriate bypass ratio if all other means of sound attenuation are :‘}:
- equally applied. Increasing the bypass ratio of a turbofan engine requires an increase in ;';;
o energy drop in the turbine and therefore decreases the turbine exhaust velocity. At the same S
: .‘.' time, a lower turbine gas flow is necessary for an equal total net thrust, both influences e
? ‘ tending to reduce the turbine exhaust jet noise. On the other hand, an increased amount of -};~:
:‘;. bypass air is exhausted at lesser speeds, The foregoing statements hold generally true only in :j'.::::
A the subsonic regime with today's available turbine temperatures of about 1500° to 1600°F. {m
SR With respect to noise in the technically interesting regime the velocity effect out- ?:‘ ::
e ranks by far the effect of the increased mass, such that with increased bypass ratio the jet o
'E:t' noise decreases rapidly. The total engine noise would drop, too, if, as mentioned above, the o o
:r-: noise of the rotational machinery could be held low or attenuated sufficiently. A reduction o
o of the relative exhaust speed below a value of, say, 600 to 700 ft/sec. at static or takeoff Feos
2 conditions, is considered useless in view of the machinery noise (Ref. 8). This would cor- RN
::_‘ respond to a bypass ratio of about 8, thus, with respect to noise reduction, giving one RO
Y. measure of a practical limit to the bypass ratio. o
h:: . S
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O In order to investigate the effect of bypass ratio on the performance parameters

le . of an englne designed with today's technology, a hypothetical engine of 15,000 bs.

:: static thrust, and 3000 Ibs. cruise thrust for Mach .8 at 35,000 ft. altitude, has been
.‘j'}';: developed. The performance of this hypothetical engine has been approximately computed,
::-::f-.: assuming the present state of the art for materials and uncooled turbines, and almost

SR optimum engine pressure ratios for each case. The curves should be considered as repre-
WEREN sentative values only, because the matching of a multi-spool bypass engine is a very
- _ complex process, depending on a great number of variables and chosen conditions.

M,

e Figure 91 shows the effect ot bypass ratio on both turbine and fan exhaust velocities
o for the two flight conditions at the stated thrusts. Note that although both velocities drop
NS rapidly with increased bypass ratio, the turbine velocity remains considerably above that
& of the fan. Therefore, for bypass ratios less than approximately 2, for which rs /1y is less
S than approximately 1.5 the effective velocity for noise generation Is close to the primary
i:{;: velocities as shown for constant density coaxial jets in figure 69. Consequently, consider-
,.;j;:»::. able acoustic improvement would result for the low bypass ratio engines if the primary
'\_. nozzle were designed as an aerodynamically clean mixing nozzle, for example a 4-lobe
SN nozzle.

S
}:}:\ Figure 92 gives the net thrust per unit nozzle area, and figure 93 gives the thrust

Y per unit mass flow and the nozzle areas as a functien of bypass ratio.  The influence of

; \;f; bypass ratio on the power plant weight can be derived from figures 94 through 96. Figure
N 94 shows the specific static sea level thrust, i.e. static sea level thrust divided by weight,

and the total net thrust of bypass engines at stutic sea level and at Mach 0.8 at 35,000 ft.,
as compared to the same values of the basic gas generator. In figure 95 the increment in
engine size and weight due to bypass ratio for the conditions of equal thrust at Mach 0.8
at 35,000 ft. can be seen. Note that in the comparisons, equal cruise thrust has been
selected as the best parameter to be held constani for this study. Figure 95 also shows

the accompanying Increment in static sea level thrust and the decrease in primary (gas
generator) air flow.

- The total air flow of the bypass engines, in comparison to the air flow of the jet
engine with the same cruise thrust, is shown [n figure 96, together with the weight of the
. installed bypass engines including cowling and jet nozzles in comparison to the jet engine
power plant of equal crujse thrust.

To summarize the bypass engine analysis, figure 97 shows the weight expenditure
for installed engine, including cowling and cruise fuel, per pound of cruise thrust for
three significant flight regimes (medium range, transcontinental and transatlantic). ihe
optimum bypass ratios are obout 2, 3 and 4, In that order. As can be seen from figure 95,
the takeoff thrust shows a healthy increase with bypass ratio if the cruise thrust (and the
throttie ratio) is kept constant. Therefore, the takeoff performaonces of the airplanes with
higher bypass ratios will be more satisfactory from the point of view of safety and increased
altitude over nearby neighborhoods.
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for hypothetical turbofan engine.
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In the study for figure 97, the increase in drag with increasing bypass ratio, as
well as the decrease in fuel consumption for takeoff, climb, let down, and loiter, have
been neglected. It is fair to assume that these influences will balance or tip the scale
in favor of the higher bypass ratios. As can be seen from figure 97, a bypass ratio of 3
is no real penalty for the medium range engine, a bypass ratio of 4 is truly acceptable

v,

l.‘
hARD
coa

for the transcontinental engine and 5 for the transatiantic engine, if so desired with {:

respect to sound attenuation. s

Note that these engine data are not statistical values, but data which could be W

achieved with engines to be developed with the state of the art of 1962 - 1964, and <

which do not have the penalty of utilizing existing hardware. L

The acoustic performance for a hypothetical bypass engine derived from figures __;__

91 to 94 has been computed by the methods of Section |V, accounting for the variation v

y of density with temperature. The resulting power spectra for an engine scaled at 10,000 ™A

- Ibs. rated thrust are given in figure 98 for various bypass ratios, and the variation of -}':-_‘

N overall power level with bypass ratio is glven in figure 99 for several rated static thrusts. PN

ok . . . ,\\. y

N Note that these predictions do not include the effect of compressor and fan noise, or bl
-\}\ combustion noise and internal turbulence. However, for near field application to the =

sonic fatigue problem the discrete compressor and fan frequencies are above the frequency
ration of concern, and any noise resulting from internal turbulence or combustion can
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Subscri pts

LIST OF SYMBOLS USED IN SECTION V

r Nozzle radius

w  Weight

a Airflow
p  Primary flow

s Secondary flow
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SECTION V
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APPENDIX A

JET FLOW

The noise generating characteristics of a jet are directly related to the jet flow and
mixing parameters. Numerous investigators (Refs. 1, 2, 3) have investigated the mixing
of a jet issuing from a tiny hole or slot of very small width. These solutions are, in general,
applicable to a finite jet in the region well downstream of the core, an axial distance of
approximately 1.5 to 2 core lengths. Since the noise from the jet is primarily generated in
the mixing region along the core, these downstream solutions are not directly applicable.

A fundamental solution for the core region of an axisymmetric constant velocity jet
exhausting into ambient air was given by Kuethe (Ref. 4) and a solution was given by
Squire and Trouncer (Ref. 5) for an axisymmetric constant density jet exhausting into a
moving airstream. A more recent report by Warren (Ref. &) considers a supersonic axi-
symmetric jet of constant enthalpy exhausting into ambient air. Both of the latter
investigators assumed a cosine distribution for the velocity profiles which has mathematical
advantages, whereas Kuethe developed a more exact asymptotic expression from the basic
equations through an iterative procedure. Kuethe's profile fits the data slightly better
than the cosine distribution, but is difficult to extend to other cases of interest.

These previous solutions all contaln at least one empirical constant, generally derived
from constant density flows of very low Mach number. However, examination of various
flow data demonstrates a clear Mach effect which decreases the rate of jet spread for
increased Mach numbers. Since the jets of primary Interest are either sonic or supersonic
at the nozzle, it [s desirable to incorporate Mach effects into the flow solution. Further-
more, since the effect of a moving airstream, either from forward flight speed or shrouding
secondary flow, is of interest to the [et nolse problem, it is also desirable to consider this
effect together with the Mach effect. In addition, it is also desirable to compare the
difference between the flow from a slot nozzle of finite width ond the flow of an axisym-
metric nozzle.

Therefore, a systematic series of solutions was undertaken to include the flow in the
core region from the following:

a. Slot nozzle, zerc external velocity, constont density , variable Mach number
b. Axisymmetric nozzle, zero external velocity, constant density, variable Mach number

c. Axisymmetric nozzle, variable external velocity, constant density, variable Mach
number

The solutions for the core region were extended downstream to approximate the entire
jet flow in order to understond the differing low frequency noise generating mechanisms
between siot and axisymmetric [et. [t should be noted thot complete similarity does not
begin until approximately two core lengths downstream. Hence, thls extension of the
results from the core is only approximately correct in the transition region.
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The results of the following derivations are compared to available data and
discussed in Section |l of the text.

Siot Jet of Constant Density

The steady turbulent flow for the two-dimensional siot jet must satisfy the equation of
continuity:

and the Navier Stokes equation:

PUSE +P V‘a_ = _gf' (A-2)

where constant pressure is assumed throughout the mixing reglion and viscous stresses are
neglected in comparison to the turbulent stresses. These equations can be combined and
integrated with respect toy, (Refs. 5, 7, 8) to give:

Y Y |
2 3
%OPU"L“’_U“WJ,}DU&’ =Ty (A3

Here, the first term represents the change of momentum with respect to x in a one-half
section of the jet bounded by the center plane and the plane y= Y, as shown in figure
100. The second term gives the inward momentum across the plane Y associated with the
change in mass flow within the region with respect to x, times the velocity at plane Y.
The third term gives the stress acting on the reglon at plane Y.

This equation can be solved directly by assuming an appropriate velocity profile and
determining a suitable expression for 7. The experimental data show that the velocity
profiles in the mixing region adjacent to the core are approximately similar when compared
to the parameter

K frry o w0k

where a is the outer edge of the core
and b Is a width parameter ,

The data also indicate, as shown in figure 12 in the body of this report, that the velocity
profile is well approximated by an exponentlal of the form

U = (&

This profile was also advanced by Reichardt (Refs. 1, 9) for the downstream reglon of an
axisymmetric jet where complete similarity exists. Because the exponential profile ogrees
with the data ond is convenient to evaluate at the outer boundary, it has been utilized
for all of the flow equations in this series.
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Figure 100. Balance of momentum rates in jet element.
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The shear stress T equals—Pu,'v wherey, and 4~ are the fluctuating turbulent
velocities. Prandil's original mixing length hypothesis (Ref. 1) gives:

y o)
~ x |dU AU - e, |4y du o
P re | 45 =Pk lohj 4y i

where ,é , the mixture length, equals cb R

and k is an empirical constant of the nature of a correlation coefficient. :-:'C’

™ Equation (A-3) can be directly evaluated at the outer boundary, Yo, where RS
" N
R

’
[
s

2
.
ot

»
.

L)

-0 g J 2 .
U10=T‘j°~ O‘J giving ’—a—x' f)U &Lj =0 \'

4,4 3y
(A

»
' e
[SAP

’

n .
4

a
>

o
Hence: f UQ(LLJ = constant. (A-4)
o

AL
"N =
. :_‘-.‘,::- At the nozzle Y = h/2 where h is the nozzle height, and U= Uefor a rectangular profile. .':::-:::
K Therefore, the constant is

v
a

RUe B %

N which is one-half of the momentum of the jet per unit width. \_-"_”':!
L 3
-:\, Substituting the velocity profile in equation {A-4), and noting that the outer boundary ‘ﬁ
A0S can be chosen as o because of the asymptotic nature of the profile, gives o
AT o
iy e - LSRN o

U oy

° a o

0o
which becomes d(,j + E[ C:‘\LCL'YL = i\f o
A e

Qe 0,yz ol

V:g‘\a = ’ (A-6) i

Integrating: (1 4 2 : :
1

Thus, the edge of the core and all lines of constant U/ue are straight throughout the '{‘:'i

regicn external to the core. T

-

In order to obtain the relationship between a, b ond x, equation (A-3) is evaoluated ot Ny

Y =a+b, or? =1, where the velociryu Is approximately .61Ue . Substituting the :.:-:.1.

velocity profiles and the expression forq” in equation {A-3) gives: ",-:::}
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a+bp

adb 2 .«
L - > ~ - | A T ‘;n'
| £ U UK feUe Uy =~k

which becomes

fof [y eb[ - [ 4y
o Mo y=a ° N0 9=

|nfegraﬁng: aa—x— [.‘bga— + 023 b] - - 0?3'-‘ kca (A-7)

Since kc? is assumed to be independent of x, equation (A-7) can be directly integrated
with respect to x, and the constant can be determined at the nozzle where b = x = 0 and
a=h/2. Therefore, equation (A-7) becomes:

a+.59% =-.95k c2x+.5h (A-8)
Simultaneous solution of equations (A-8) and (A-6) yields

b=3.2k c2x (A-9)

and the tip of the core, where a =0

b=.56h
x 175 (A-10)
7 ke?

The constant (k ¢ Is the single empirical constant required to give the entire flow field
adjaceni to the core. It can be directly obtained from a measurement of core length, or
evuluated indirectly by an empirical determination of £/b and k separately. These
approaches are both discussed in connection with the axisymmetric jet solution, and the
value of (k c2) is obtalned from axisymmetric jet data. The resulting flow fleld is
illustrated in the body of the report and compared with Laurence's measurements ‘Ref. 8).

This solution for the reglon adjacent to the core for the constant density slot jet can

be extended downstream through the transition reglon with the assumption that the expon-
ential profile,

remains valld, and where now7] = y/b, since &= 0, andUwm is the maximum velocity on
the centerline. The solution requires determination of \3, and b as a function of x.

In this downstream region, equation (A-S' becomes

Qo
[ b U dn = £ U 5
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Hence: VT b Us = Ue h (A-11)

Equafion (A-3), evaluated at Y = b, or"? 1, becomes
}7 b Us €Tdy =l umg—fbu.. "%doy — kU,

Since bl_)“L is a constant with respect to x, the first term is zero and the remaining
terms give

a
Uv.. -5-)( (Umb) = ]IS ke
Substituting for b from equation (A-11) and differentiating;

hue ddp = 121 kedx
™
which integrates to(-kojf:)r- 2.54 k ¢ E + constant,

The constant can be evaluated at the tip of the core whereLL_—_U « by equation (A-10),
giving

Un  _| |4 z-6+\zc‘(i;_\h>

Ue

(A-12)

and

—. ) 2 [ X=Ys
b = .86|| +2-S4kc 2 >

(A-13)

It should be noted that U-u/{)e, varies as x~1/2 for the slot jet rather than x~1 for
the axisymmetric jet. This extends the axial length of the mixing zone which is of
importance to low frequency noise generation further downstream for the slot jet in
comparison with the axlsymmetric jet.

Axisymmetric Jet of Constant Velocity

The stecdy flow for a turbulent oxisymnetric jet must saiisfy the equation of continu-
ity in cylindrical coordinates:

3py , BnpV _ 10
re 3 + 3 = 0
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and the Novier Stokes equation

APURY 4 ppyBY - 2TN

3 A (A-15) fj:t::

3

where constant pressure is assumed throughout the mixing region and the :»_t

viscous stresses are neglected in comparison to the turbulent stresses. Again, as in the =
case of the slot jet, these equations can be combined and integrated with respect to JL
to give: R
:::::

R R
2 by G o
-57' f)UH,JJL—- UKW fU)‘(.CIJL_—.:’[;LQ (A-16)
3 o

.

This result gives the summation of the axial changes of momentum within the region :;'_::
bounded by a conical surface R in the same manner previcusly described for equation (A-3) N
for the slot jet. "«;;g
,‘ ;‘:h ‘:': .
RO Foilowing the development of the slot jet, the similarity parameter utilized in Oy
S expressing the velocity profile is:
3 'v‘,\: ":‘\:
- N =MK-a -
' 7 === for/U),a, and = 0 forrnt {a e
{ ¢ b Fe
YR und the velocity profile is given by an exponential
2 - . T
R U=U, + (Ue=u.) e = U, + U 2
.j'-:::- where o= the freestream velocity external to the jet. S
o —
) The shear stress, 7, is also of the same form developed previously , where RN
-“- . .'-<‘
‘p-:.’ ..': o
P T o~ pyrldu| du 5
.-:-:v:. d}“. d)‘- h:.. :
ks L
f ij:'.: Equation (A-16) may be directly evaluated at the outer boundary (Ry) af the mixing e
e region where the shear stress < = 0 and U=, giving
AN e ,"‘."
o L R
¥ EX] £u QJ‘-U,) rdn =0 g
AN ° RN
Pavs Hence,
‘j..ﬁ;.' Ro (A=17)
t::::: PU(U - Uo) n AJL == a constant
o °
o
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AN ste
Q] =
o 7
DA '
vt
S At the nozzle K, = nandUxUgfor a recfongulor velocity profile. Therefore, the et
N constant is 15 o
'(.’g‘ ; .FU& (Ue"”Uo) }/a -'-:
,:-?-:' which is the excess jef momentum M, divided by 2 T1. Substituting the exponential “
0N velocity profile, equation (A-17} hecomes -
' J:\':'v. J’. v
Py iy J o\ w1k dn *fte M
= Uo + V€Y ) P bndn =pLeutse = o
- ) A jo ( ° J 2 2 =
Lt . o
e This expands to give .
: ','.:E: o ’}
L] PUs UMt dr + Pu ue’z/(bwa) bd =
RN ?Zo ’ "’
A ° T
NN oo PO, K0 -
- b - \ -
AN 2 - 2 A
wiel o o N
s T _/: ?U (b7? + & / bJ.')Z }DUP U e _:-'_’.':
o Integration and rearrangement yields Ry
W »* N
12N | V U 2
o & +2ab L V > + U + Zb 50 |="te N
AN Ue
L e
S or Yo
; . \J:::

Q® +VTY (41 +Dab +(é;;"7+_\) B =l ) 2
where IF = ___U_"_.

and m — ——U-F— o

The relcfionship befween a, b and x con be obtained by evaluating equation (A-16)
at R = a+ b, where Substitution of the exponential profile and the expression for

1 in equation (A- 6 glves
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which expands to

'a—x-{f Utnabu+ U S rde U VZU +ie (b)Z%—CL)E(L?l

-

=0 n:a. T

~ (Vo+ibtU” a‘a—U Ue rtdn + / ortd.n_ +[ b‘j +o.) bdy 3

2 MmsD, ko0 e

=—.37ke* U2 (a+b) ’ i
Integration and substitution of p and m as in the previous equation results in ?-::*-'f:

:" D

2 AN

3§ 195 mat (2 reaPlab +l-ov1 0o p)LTY 7

e

— . 2 Bk

= ke (Q.+b) (A-19) 2T
Simultaneous solution of equations (A-18) and (A-19) is considerably more awkward j:::“‘;‘

than in the solution of the final equations for the two-dimensional jet since (b + a) is not :
necessarily Independent of x. It is therefore necessary to evaluate the dependence of i

(b + a) on x for each value of the velocity ratio (Uyue) for which a solution is obtained. O

The remainder of this discussion of the constant density jet is divided into two sub- :::::';:

sections, the first considering the entire jet flow with zero external velocity, ond the e

second considering the flow in the core region with freestream velocity. RO

o

5 Constant Density Jet with Zero External Velocity "v
R, L
N When the freestream velocity Uo is zero;P = 0, and m = 1, allowing o considerable e
:‘j} simplification of equations (A-18) and (A-19), giving ,::{.';-‘
-.“ A" z z ’: Q-‘ .
A 2 s s
o al+Vm ab+b = A2 (A-18a) —
'.:."‘, and '_‘:::;",
o d > . -9 o
oYX {‘H Sa’+.22abt.011b } =—akcaes) 4 <
-
o
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At the nozzle, equation (A-18a) reduces to a =He, since b = 0, and at the tip of the
core, where a =0, it reduces to b = Fte. Solution of (A-18a) for intermediate values of
a and b demonstrates that the value of (a + b) remains within 3% of Mgover the entire
range of the core, as shown in figure 101. Hence, equation (A-19a) can be Integrated

directly to give . n
@+ L13oab 4 .59 = — 1.9k (b+a) X+ E

At the nozzln b = x = 0 and therefore the constant £ = a2 =f{&. At the tip of the core
a=0and b= Meand x = x; so-that
z
Gifte = 1.9 ¢tk Xq
(A-20)
or e .32
e ™ E c*
In orcer to give a comparison with the flow from the slot jet downstream of the core,

the solution for the constant density axisymmetric jet with zero external velocity is
extended. In this downstream region o = 0 and hence"z = % Furthermore, the center-

line velocity U is a function of axial distance and the assumed velocity profile becomes

2
U=u,c

1.0 T T— -
‘\b‘l*o
- (U/Ue= .606)
-8"- € —
4

a/re
or i -
bta 4 Core -
‘e
2k g
0 2 !
0

Figure 101. Variation of a and o + b with kc?x for constant density axisymmetric
jet with a zero external velocity.
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With this substitution, equation (A-18) gives
2 2 2
Ue He =Um b for X > Xt (A-21)

where b is clearly the momentum radius at any axial station downstream of
the tip.

Similar substitution In equation (A=19) gives

2 (21sUa b)—.238U, w57 (Un b) =—1ke"b U

(A-22)

2
The first term is zero since Um b is proportional to the total momentum which is
independent of x. Substitution of equation (A-21) in (A-22) gives

%(— = |\S6 ket

which integrates to

b = 56 ke™X + N

The constant N is evaluated at the tip of the core where x = x; andU, = Ug, with the
result that

b =| 1+ 1.Stke” (kx_t' e (A-23)

and
Un

e —

_ 1
Ue = |+ 1.S¢C hd‘(ii_czss) (A-24)

Constant Density Jet with Variable External Velocity

E vations (A-18) and {(A=19) can be wolved for any value of U/) {{. When the
ratio '/Ue = 1, no mixing occurs and only parallel flow exists. These intermediate
solutions are of particular interest in the region adjacent to the core, since they give the
elongation of the jet core for an aircraft in flight, enabling an estimate of the change in

nolse source location and character. Further, the solutions con also be directly applied to
the mixing of concentric jet flows.

The equations were solved for both core length and width at the tip for three inter-
mediate values ofueéua , as given below. In the solution, the variation of (b + a)
with x was found to be approximately lInear, allowing use of a simple linear correction
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: .ﬁ'
_-.::;
ﬁ term in equation (A=19) prior to integration.
i
g~ Velocity ratlo b at core tip length of core x;
- 0 1.00 /e .32/ke? ~
. \# 2 .
by .25 92 e .48/kc .
N .5 .82 e .83/ke? "
C .75 76 Ne 1.82/kc? -
g 1 0.00 e oL .
4 ) It is clear from the table that the presence of external velocity results in a significant ::'_
% elongation of the jet core, while at the same time reducing its width. Thus, the noise o
generated by a jet of a moving alrcraft is distributed over a considerably greater axial
2% distance in comparison to the static jet, resulting in gross distortions of the near field
A contours.
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FORO N O

LIST OF SYMBOLS USED IN APPENDIX A \.

Roman 5'
Distance from centerline to boundary of core
Velocity gradient width parameter <

Width of rectangle slot jet by
Proportionality coefficient for shear stress :
Prandtl mixing length ,
Ue/U* RS
Uo/Ue

Radius

rms turbulent velocity

Mean flow velocity along the x-axis

Mean flow velocity along the y- or r-axis
Axial distance from nozzle exit

Lateral distance from centerline
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Nondimensional radial parcmeter-s——
Density
Shear stress
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Subscripts

RN
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Moximum at a given axlal station
Condition external to jet flow
Core tip
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APPENDIX B el

DERIVATION OF MODIFIED ACOUSTIC EQUATION FOR TURBULENT JET EXHAUSTS R

The purpose of this section is to derive a linear partial diiferential equation which o
describes, for an axially uniform jet exhaust, the production of noise by the fluctuating "‘"
turbulent flow, and the refraction and convection of the resulting acoustic field by the S
mean flow, the radial mean flow gradient and the radial mean temperature gradient. The i
derivation proceeds in a straightforward mathematical manner from the equation of mass «.
continuity and the Navier-Stokes equations by considering the pressure, density and DN
velocity at each point In the flow to be a linear superposition of means, fiuctuating i
turbulent perturbations and minute acoustic perturbations. In this analysis the acoustic
"particle velocities" and their distortions by refraction in a high shear gradient flow are N
not neglected as is done in refs. 1 and 3. R

-y

*
<A—“‘.’

It is assumed that sufficiently accurate acoustic field equations can be obtalned .
from the linearization of the fundamental hydrodynamical equations, and that the acoustic -
forcing function Is associated with the small error or imbalance obtained in describing the
mean and turbulent flows, less acoustic perturbations, by these flow equations. The scat-
tering of sound Is not considered, and this effect is suppressed by neglecting terms in the
acoustic fleld equations which describe the erratic refraction and convection of propagated
acoustic waves due to time variations in the flow velocity, velocity gradients and tempera-
ture gradients.
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p In order to obtain a single equation for acoustic pressure or density fluctuations,
_ o these linearized field equations must be combined in such a manrer as 1o eliminate (not
g neglect) the acoustic particle velocitles. If the particle veloci:ies are neglected, the low
o frequency characteristics of the jet exhaust cannct be accurately described. Since only
o linear operators are involved, this step can be done systematically. However, for the
N general case, In which axial mean flow gradients are retained, the resulting equation Is
) so formidable as to be of no practical value. When the exhausi is axiclly uniform, that is, N
& when the axial gradients of mean flow velocity and mean density (associoted with mean BN
- temperature) are neglected, this equation Is consideral..y o :plified and appears to be wan
::: amenable to solution. Such an approximation Is reaso~:. -2 since the width of the gradient R
N in the thin mixing region around the core increases linearly along the flow axis at an e
- Included angle of approximately 5 degrees.
::: This equation is a third order partial differential equation containing terms which
- depend directly on the mean velocity gradient magnitudes and whish influence both the
P refraction of sound waves and their production within the turbulent flow. An order of
- magnitude analysis Is presented which shows thot such terms are not negligible ot the
characteristic frequency of the jet and are of greatest importance for the low frequency
- sound waves. The terms do become negligible, however, for frequencies well above the
- characteristic jet frequency depending, of course, upon the magnitude of the mean velocity
-~ gradient. When these terms are neglected, the acoustic equation reduces precisely to that
: .::: given by Ribner in Ref. 3.
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The papers of Lighthill and Ribner (Refs. 1, 2, 3) are important contributions to
the fundamental understanding of jet noise as viewed respectively from the points of view
of both quadropole and simple source generation. The above authors begin with the same

equation for cerodynamically generated sound, namely

2 2
2L _v*p — 2T
5z — VP = Srax

'

T =proivi+(P—a, )8 — ('t 47) 84

but their use of this equation In defining the jet noise field and estimating the sound levels
produced are fundamentally different. Lighthill first notes the quadropole nature of the

z .

forcing function, 9_TiJ , and takes an integral solution of this equation in

DXi 9 X3
the form of Kirchoff's retarded potential solution of electromagnetic theory; and, by
several mathematical manipulations, obtains a free field volume integral of '317"4/3 £ .
By transferring to a moving "eddy convection" coordinate system, Lighthill obtaln$ the
motion correction factor (1 = M¢ cos 8)=3 for a frozen pattern of acoustic quadropoles
being axially convected by the flow. Then for high shear gradients, Lighthill approximates
817_'3 /a'tL by considering only the predomlnant mean shear amplification terms,

2p (20, 2u
9t | 32Xy T DXy

This approach leads to several important explanations of the jet noise phenomena; however,
this approximation of the integral solution of the above equation constitutes only a first
iterative solution for cold jets in which refractive gradient effects were not truly accounted
for. Ribner, on the other hand, deals primarily with the above differential equation, rather
than an integral equation. With the assumption that the turbulent flow is essentially imcom-
pressible, Ribner is able to represent the sound field as being produced by a convected

field of simple sources, a conceptually simpler approach. The equation obtained by Ribner
shows more directly than Lighthill's the effects of this convection and the refraction of the
sound waves by the mean velocity gradient. By considering speclal space and time correla-
tion functions for the turbulent flow and by atlowing for “pattern fluctuations" of the
convected sources, Ribner obtains an explanation of,. and is able to eliminate, the infinite
amplitude peak associated with Lighthlil's motion correction factor ( 1 = Mc cos 8)-3.
Finally, applying the same restrictive assumption as does Lighthiil, Ribner shows the
equivalence of the simple source and quadropole concepts in obtaining the famous U8 law
and x° and x~7 laws.

In summary, Lighthill's cnalysis adequately predicts jet noise for low Mach number
cold flows where refractive effects are o minimum; in particuler, as shown In Ref. 2, the
theory gives a good estimation of the nolse generated by homogeneous turbulence where
there is no mean flew. Ribner's equation (Ref. 3} is cunsidered to be accurate for high
frequencies well above the jet characteristic frequancy and/or for low shear gradient magni-
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tudes. In this regime, by allowing the speed of sound to vary through the flow according S
to the variation of the mean temperatures of the flow, the equation adequately describes P
both the refraction and convection of the sound waves for cold and hot flows. Presently '-",':_\f
there exists a question as to the effect of Ribner's assumption of incompressibility on the S
production of noise In a hot flow. The modified acoustic equation derived in this appendix et
extends the frequency regime down to and below the characteristic frequency of the jet, e
and adequately describes the convection and refraction of the sound waves propagating e
through a heavily sheared hot or cold jet flow. The acoustic forcing function is more L

complicated than those of Lighthill and Ribner, but may simplify upon further analysis and
correlation with measured results.

In order to clearly show the differences between the equations of Lighthill and
Ribner and the present equation, and in order to fill in the necessary background, a brief
mathematical review of the works of Lighthli! and Ribner Is presented preceding the devel-
opment of the modifled acoustic equation.

Background

The fundamental equations defining the mean fluid flow, turbulence and associated
acoustic disturbances in a jet are the equation of mass continuity,

9t IX; X3 (&-1) L

. T st

and 'the Navier-Stokes equations, c
r.'..'__'.‘

3 A 42 P o e
o "( + )3 3 =+ IR

Pl5e+s ay — v =0+ )5a5+ a7 < Fe
It

(=1, 2, 3), the summation convention on j being assumed in each case. The turbulent x"*‘
motion of the fluld is inltiated by flow instabllity ot the boundary of the laminar flow :::-
reglen and the propagating acoustic perturbations are in turn generated in the turbulence RN
by small imbalonces between fluid inertla and internal fluid stress. Thus, there are no Ry
external applied forces acting and neither are there actual mass sources and sinks, so thot A
the three force components, F;, per unit volume, and the mass flow rate, Q, per uait b o
volume may be set equal to zero. o
Equations (B-1 and B-2) may be comblined to give the momentum equations, by f::tfj:‘-:
multiplying (B~1) by W/jand adding the resuitant equation to (B-2), glving e

""(P i)+ O’ ) '7‘7”‘(7*%3{3» S5 =Fvi

.
e .

- -

DA

(B‘J) ,\“,'.:.

. '\‘l . LY

(i=1,2,3), the F, and Q quantities being retained only for generality. RN

LR

Froawal
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A partial differential equation for density fluctuations in the fluid may be
obtained by first differentiating (B~1) with respect to time,

per * i’ax, (p) =3%

differentioﬂng (B~2) with respect to x;, and adding the three resultant equations for
= l 2,3,

*—é‘ (f""> X ax( Anr) 7

kA
(7 3‘ oz) ’ax;’dx;'a)(s D¥XidXi

the summation convention now being applied to both i and j ; then subtracting (B~5) from

(B-4), giving
P _ 9" i)+ 2B e 4 > 2
t* amam(f ' 0 o%i D%i (71 3] ‘0¥id¥; 9%Xi  (-6)

To <omplete the formulation, the quantity 0}\72)3
(B-6), giving °

(6-4)

3 A
i X3 Xy

- _2 .

= 5y [Fiel

(8-5)

is subtracted from both sides of

(8-7)

9L _ e T 3G __3 [
LY P =% T 5 ’ax;[F'+N‘Q]

(8-8)

= P +(P-as £ - (7+ 47) B4

:.-:fNiNs'*'(P“ a P)S 71 ag, BX 3 ) 3” 729 8?& 9)

Here, T:1, having the units of stress, is called the stress tensor, ond this quantity compietely
defines a\e state of interncl compressive and shearing stress within the fluid.
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Setting F; ond Q equal to zero to obtain now the proper mathematical model for
aerodynamically generoted sourid, (B-7) becomes

L _ o v Al < - 3T o

~ oV . . - B-10 N
This is the fundamental equation derived and used by Lighthill in Ref. 1 to study aero~ :-:::-.
dynamic noise generation. It is to be noted that (B~10) is the standard acoustic wave :r.':f:
equation, with a forcing function, and thus describes the generation and propagation of "
sound waves in a uniform medium at rest. Since no assumptions were made in obtaining
(B~10), the acoustic field defined by (B-10) is identical to the ontual sound field generated
Ly the real turbulent flow.

As discussed in Ref. 1, there are two main advantages of approaching the jet noise if":
problem througn (B~10). First, the acoustic disturbances of the fluid are very weak relative :;::.-'
to the fluid disturkances generating the noise so that no back-reaction on the main flow is ';.:{::
expected by the sound field, and hence it is reasonable to consider the acoustic disturbances o
as produced by forced oscillations in the flui© - !s shown in (B-10). Secondly, the com- o
plex generation, convection, refraction and . :ring of the sound waves by the chootic N
turbulent flow can be simplified conceptualiy to the well known propagation of sound waves E"Lﬁ’:

through a hypothetical quiescent medium In which equivaient exte ~ally applied fluid
stresses T;; act. These equivalent stresses are distributed throughout the volume of the
turbulent +low field and are essenticlly zero In magnitude outside this fieid.

With the particular form of the forcing function of (B-10), Lighthill (Ref. 1) was
able to show directly the essential quadropoie nature of the generafion of sound by the flow
field, Of the nine terms in fhe forcing function, '],_,//3 %X , consider for

example the term ’a T2 / DX, DX, - This term may be written In the expanded form

T -
: 'bx?:%lx: L =7 (A’('\ (& Xa) (! *A")Xz+Ax,+Xs) 5

Afy—>0

""(A X|>~l(ﬁxz>~‘_nz (Xl +AX, 9Aa ,X3> _}_

.._.(A Ax ) Tn. (.X\ ) Xﬂ"AXz_ ) Xa) \
- (8-11 N
+<Ax,>-v@x,_) T (X, Ko, K3)

i
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LA

B

3
[

] 67 I ‘4‘-.

........................
.............

.t




LS
Noting that © T;z_/ X DX is comparable to 7Y Q ’a < in

(B-7), it is clear that each of the four terms in (B~11) is analogous to the time rate of
change of the mass flow rate per unit volume of a simple acoustic source. The four simple
sources are separated by distances (A X, ) and (A %) lying in the (x1,x2) = plane, and
hence form a lateral point quadropole in this plane. Similarly for each of the terms in
’a T'H/‘a Xi 9K+ lateral quadropoles being obtained if i # j and longitudinal
quadropoles being obfcinad ifi=j.

Another principal advantage of (B-10) is that its solution may be set down immedi-
ately by use of Kirckhoff's retarded-potential solution of the wave equation, (Ref. 4).
This solution has the form

(Xn st) ....f 4« j_!){ am(‘jw;t)d,\/(‘jx) i T (f) (8-12)

= AR TCST
where
p=t-_" (B-13)
9%
-\/(x1 Y10 + (xg = y2)* + {x5 - )'3) (B-14)

and where represents the volume of the turbulent flow field, outside of which T;;
equals zero. When there are no reflecting surfaces in the sound field generated by the
flow, the term Iy (}9) equals zero, otherwise its value is non zero and is defined by
the equation (Ref. 4),

L[ 2sds g B [P bit) ds (9 s

where

13 = "%‘1"- = direction cosine (B-16)

7Y\ = coordinate normal to the reflecting surface

and where the two integrals are to be taken over th entire surface of the reflector.
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Now expand the following integral

i

2 i_;{ _a%b_t) 4\/@():[ 2 (1) 3:5%‘3_;) AV ()

+J ! 3“3(‘1«(@ ot dv (VJK,) ”‘:

R Qg N
() ATt dV

r

4 3TulMust) R ,

;L ’a'»j;’a“trkl ’ag; av (LM
1 QT (_"}mi) V
'[" Y5 A9

L T (e, t) AV Quc)
P DY 2

(L T (et 4SS <
- an "}a%':” A C‘ﬁ K) 2

v

I
E)

. [ ’az_—ﬁ; (."j-c)ti d,\/ (}j m> ;':

A . \ )
by 9% 94 (8-17) R
>y
where the divergence theorem is used to obtain the surface integral, and where by r:
definition by
2 r} p ::";.
FTul,t) 2T (e t)

ERNCAE Y Bys t—t- & =

4
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In a similar fashion, the foliowing integral is expanded to give

53‘?5?{ L Tis (Y, t )d,V(t-jKB L/{s '31";5%‘:);&,‘\:')0(%(‘10

v 2L T (o) dS ()

- () T ("Jec,t) OLV (B-18)
J7 s 4u)

Substitution of (B-18) into (B-12) gives the integral solution in the slightly
different but useful form (to be used in applying the motion correction discussed later).

4 = \ "
P(Xﬂt) ""R‘*"q.ﬂ-a}o 3% 3 J; T (‘1‘43 B&V("j )

J”Q" T3 ("h( ’C> 4 (‘ﬁu)

+ Mra.u SX.

41t A,

- I ﬁi a%.s%ii«.&) ds@d+ gz Ls ()0> (B-19)

Upon neglecting reflecting surfaces (B-19) simplifies to

PUE) =+ e, 5 'b)(of Toi (gust) oV () o0

which is the form given by Lighthill (Ref. 1).

Performing the differentiation with respect to x; and x; on the Integrals in (B-19),
which differentiations obviously must include the change of t' with x|, glves the entire
integral solution of (B-10) with reflecting surfaces and in terms of the time rates of change

of the fluctuating stresses, T ij:
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R 3~ =Y zTi' wst’
P = + ey [ mpizad Tl avtag

"M;QB.J'»'&[ = 2z (=4 -‘Js)]a'”f'ai’h*) V)

- [ — Al ] e 4
] A 3y Tilbefhel. ) S ds

+ P %—[ﬂ(mt)a-a 2P lert) § ]AS(M =21

This solution (B=21), which is more general than that given by Lighthill (Ref. 1), displays
separately the contributions of the turbulent flow to the far field, near field, and near-

near acoustic fleld. The basic result of the Lighthill paper (Ref. 1) consists of the first
Integral term of (B-21), namely

Plxiat) =fo+41'(dht£(x"““ﬁ()""‘h)- 2 _gi-g—a—)ow( ) (8-22)

which defines the total radiated sound in the far field of the noise source. For distances
which are very large relative to the dimensions of the flow field, this equation can be
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WO P (X;’t) =)) s 0 XiXsl QT (,‘ﬁmj't ) dv (‘j A 6-23) :}
g o 4fal  X® Dt
i v -
z.—‘ )
s where X!
B ) x2 = x]2 + x22 + X32 (B~24) f:..’
. Following Lighthill's approach of Ref. 1, a significant simplification of the
acoustic forcing function is made based on the following two physical arguments. First, .:
the effect on the propagated sound waves of the small viscous stresses is essentially one of Iy
damping, both in the region of turbuient flow and in the uniform medium external to the e
flow field, so that the equation (B-8) reduces to .

e .

T = Prin+(P-ab )o>%i& :

i) .
’4’..

Secondly, if the flow Is unheated, except for kinematic heating due to pressure fluctuations, 2L
the term gp- QP 1s nearly equal to zero in the turbulent flow and is exactly zero outside i_’gt
of the turbulent flow. Thus, for "cold flows", -
Tii & PV (8-25) o

these being commonly known as the fluctuating Reynold's stresses. ey
The turbulence in a high velocity jet flow is generated primarily in the thin high~ s

shear reglon between the conical jet core and the boundary of the jet flow. Statistical o
analyses show that the meuzured random velocity fluctuations in a fixed point in this region ‘ﬁ*
are partially time-correlated for small time intervals, and that the velocity fluctuations Y
measured at two polints, oriented in the direction of the j2t flow, are space-correlated for L4
small separation distances. The time correlation at the single point can be transformed to a ol
space correlation by application of a mean flow velocity; and, it is found that with the o
proper choice of this mean flow velocity, the resulting space correlation curve can be Re
made to fit approximately the space correlation curve obtained from the two-point measure- -
ments. |t Is concluded ther that small, but finite, spacial regions exist within the flow fff“
over which the turbulent velocity fluctuations are correlated, and that associated with o
these regions, often called eddies, is a mean downstream convection velocity. -
[t Is clear now that since the fluctuating turbulent velocitizes are correlated over a :::f.
so-called eddy volume, the effective acoustic forcing function, 3% (P v 0y )/ 3491945
must similarly be correlated over the same volume, neglecting large fluctuation: in fluid 4
density. Thys the volume distribution of quadropole radiators within an eddy volume may L
be combined to form, approximately, a single eddy quadropole radiator which is convected o~
downstream ct some convection velocity, i.e. the velocity correlation curve over the eddy -
volume is replaced by a square form such that the fluctuating turbulent velocities are "
(u;
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perfectly correlated within the eddy volume and perfectly uncorrelated with the velocity
fluctuations outside the eddy volume. Each of the point-quadropoles in an eddy then
fluctuates in phase with the quadropole at the center of the volume and can be replaced

by the center quadropole which is now assumed to have a strength equal to the average
quadropole strength times the volume of the eddy. This approach is due to Lighthill (Ref.1)
who further visualizes the jet exhaust as being composed of a set of non-overlapping eddy
volumes of the type just defined, and hence as a discrete set of point-quadropoles which
are convected downstream at scme average eddy convection velocity. The average eddy
volume may vary throughout the flow, and as Lighthill points out in Ref. 1, allowance can
be made for a variable convection velocity in the flow.

Fixed observation point

Convected eddy volume

e,

(Moving axes)

———

Nozzle

(Fixed axes)

High shear mixing reglon

Figure 102. A diagram showing the transformation from fixed (y, ) to moving (7“')
coordinates.

With this Idealized acoustical model of the jet exhaust it is possible to separate
out the effect on the overall jet sound field, of the convection motion of the quadropole
generators, To do this, Lighthill transforms the integrand of the volume integral in (B-20)
from the fixed yk - coordinate system to an®, - coordinate system which moves with the

- .
quadropole radiators at a convection velocity ao-Mc, where the vectorm is the convec-
tion Mach number (see figure 102). Consistent with the retarded potentlal type solution
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in a quiescent medium, as given by (B-20), the two coordinate systems are easily related
as follows: an acoustic disturbance generated’at y at time t' by flucfuat_lgns in the stresses
Tij(yk,t') will propagate at velocity ag fromy to the observation point X in the time

* .
x -7' . If the time of arrival at X ist, thent=t+_"__ so

. r —
interval — where r =
Oo 00

that the retarded time t' is, as before

-;_.I
p=t-t =t X2
) %

At this time t, the position of the element of volume dV(y; ) from which the acoustical

signal emanated is - .
Y- (c;mc)_-r—_ ory +7\7E r. If 7 denotes the fixed
a
o
position vector of this same element of volume referred to the’x ~ coordinate system, and
if it is assumed that at time t the)l{, - and y| - coordinate systems are coincident, then

B
T =y +M,r (8-26)
The stress tensor associated with the moving volume element is then written, in the
retarded time form of (B-12) as
r '
. - — . t).
TIJ(%kI t % ) or TIJ (ml )
The moving volume element dV (yk) is transformed to the volume element dV (¥ ) fixed

in thel], - coordinate system by the Jacoblan of the transformation in (B-26). This Jacobian,
J, equals the determinant of the transformation matrix:

[} = [33]- (] - ol

e - r—

| [ - Gimgd] - Mo gl - Moo (0] [y,
| |
| |

|
— M (1 — M) — Maa o) [
l
| |
| |
dn, || = Moo — Mealon) ) - ey by,
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Evaluating the determinant gives

Mo . -7
. x -
y=1- Mk (- yi) =1 - Y (B-27)
Since
dV (nk)-J dV (yk)
then

dV()’k) = dV nk)
d x - y{ —A./r (x-.;)

Thus, for a reflecticn-free sound field, (B-20) becomes

k
P bt “Pot4ra,? 34 a; ITU(’Ik’ r‘““—_""
v

x =yl (x-y)

(B-28)

In order to obtain a form comparable to (B-22), the integrand of (B-29) is differentiated
with respect to x; and x; assuming that fherz_  are fixed. From the definition of r

9r _ Gk-v) 20k~
3% r X

= (4 - yk) Yy
ol on ]
<ba=y) 6-Y) L 9 BN (B-30)

r r

and from the coordinate transformation
i — ——
72, =y + Mc r
97 . F ar
Bxi == MC gx‘ (8‘31)

Combining (B-30) and (B~31) gives

(8-32)
Also ¢

—tp
i~ Mo AL =M+ M 2L (8-33)
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Combining (B-32) and B-33) gives

_2_[;"-‘; - M, & - Y)J Me; + |

#)ix Xy = i) _
Che (-3

M- &-Y)

With(B-32) and B-34), the differentiation of (B-29) can proceed directly, giving

(1- M.
-t
x=y

f(xi:ﬂ —p + | [ imri= x2) ’azTas(”flmt') dV (1)
o TAvG|  R® 2t

| c.;(x el )
_4‘“'&‘0[\-_&”__*_2‘ M "j%:M 0( i

50-M2) (i) (5-5) } 2T La€) 4y (4
z4-

—_ [(l-MSS;;\i\Ae;M 3430 sMc_.QJ Y +MMCX -4
4“&1. RB ‘E

Bh“ Mcéxé \59)({4 ‘54)] T-N (‘)Z‘)t') AV (')2 u)(B_as)
where . —_— o —tm
R= {x --)7} - M. (x - y) (8-36)

Letting the observation point X recede to the far field of each of the moving quadropoles
in the jet gives

f)()(;,t) =fo +4 | J (Xi‘%'o)(xi“ﬁ;l) 'at'ru (m;t‘) i\/tn \() (8-37)
v

Ta, R At

since the second and third integrals represent near field and near -near field contributions
wh .h fall off to negligible mognitudes in the far field. (B-37) is the resuit given by
Lighthill (Ref. 1).
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If ,? ')) l-ﬂ (B~37) can be further reduced to

2 ]
. - ] Xi X3 Tis .t
PUt)=f Y im et Olmecer 5P [ N ag« LV o
Sy

where @ is the angle between the jet oxis and the observation position vector x .
Comparison of (B-38) with (B-23) shows that the effect of the quadropole convection on

the far field acoustic amplitude is represented by the factor (1 - M. cos 8)-3. Lighthill
points out in Ref. 1 that ot low Mach numbers the difference between the integral in
(B-23) and that of (B-38) is simply one of space variation due to the motion of the M «

- axes in the latter case. He argues that this space variation effectively constitutes a

field of octopole generatars, Since the radiation efficiency of these octopoles is
significantly less than quadropoles, the former may be neglected and the two integrals of
(B-23) and (B-38) are, to sufficient accuracy, identical in magnitude. Thus (1-M,cos 9)-3
is the only correction factor that needs to be considered.

As a final comment on Lighthill's approach to jet noise, the importance of the
velocity gradients in amplifying the sound generated in the flow is now considered. The
first time derivative of Tj; may be written in the convenient form, noting the form of Tj;
given in (B-25),

3T 2 ) = 2020 o IPVY gy 3P
5t - 3t P”""‘)"“"‘jét—)*m’%m ST e

For unforced gerodynamic flow in which viscous stresses may be neglected, the equation
of momentum (B-3) may be written in the simpier form

f&]f’l"‘n)*_atfflf;/lrul + _a_E_: 0
ot 2 X« d K

or

Al a( LU+ P S _ g
ot Xk

» (8-40)
Also, (B-1) can be written in the more convenient form
':.: 3? _‘_ 3 <“P ’Lr'l) — O (8-41)
o Dt 2 X«

X ]
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Substitution of (B~40) and (B~41) into (B-39) gives

2t 2 X« D X
+ VUG 2 (P

o Xx

BTy 2(Puvk+ P _ o 2(Privic+ P

which, upon combining and rearranging the derivatives, gives

2T =P S '84}".’; 't'PS.'uc A Vi

2t X ¥

— =5 (Priviv P8 i 13 + PRI )

Since the last three terms of (B-42) are pure space derivatives, these represent octopole
contributions to radiation field and may therefore be negiected. The significant portion of

AT yat thus reduces to

2 Tia = P QQUs oV — .
It 2¥: T 2 %3 Peis (B-43)

(B-42)

where@ , y is called the space rate of strain tensor.

(B-43) has been derived using the fixed y, - coordinates or its equivalent, the
fixed x| - coordinates. |t would seem more correct, however, to use the moving'yz k-
‘coordinates since these appear in the argument of Tij in (B-38). In this case

4T 2 ( Pnary) [Py
& t + e Mew =y

(B-44)

L
It is seen immediately, however, thot the added term is o pure space derivative and also
represents an octopole contribution to the sound field and moy thus be neglected. This
agrees with Lighthill's conclusion that the volume integrals appearing in (B-23) ond (8-38)
can, for all practical purposes, be considered equal, since their intergrands are approxi-
mately equal.
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Since high velocity jet flows into free air are characterized by large mean shear
gradients, it is clear that for a mean flow of velocity U in the x; direction and mean
velocity gradients in the xp and x3 directions, the predominant terms in 3T;;/ 3t are

T =
-’%.—t—“— = PE;i; (5-45)

s

RS AR
‘ S e
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R
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e

where C ; ; Is the mean strain rate tensor, or

]

,
v u

Ta _pE, = p2Y- =
3t '3 '5)(3 (B-47)

These two tensor elements can, for say a cylindrical jet exhaust, be combined into a
single radial term

-2 D _i_
2t = F

n being the polar coordinate measured perpendicu!or to the axis of flow.
Substitution of (B-45) into (B-38) gives
f(x)t) =P+ | Xi Xi é— BPQ“\(»C) A_\/
' o 4fa} )(3(}-MC0059>3 v ' {9t

It is now clear that the effect of a mean shear is to amplify the pressure fluctuations
generated at a point In the flow, in proportion to the magnitude of the mean shear gradient.

(B-48)

It is n~t desirable to carry the Lighthill discussion further, as it would be necessary
to introduce acoustic Intensity and total acoustic power and to enter into a detailed consid-
eration of statistical analysis of space and time correlations. For the present purpose, the

above discussion presents the essential features of Lighthlll's approach to aerodynamically
generated sound.
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The recent approach given by Ribner in Ref. 3 differs from Lighthili in several
respects ond presents several new and interesting features. Ribner begins with Ligh*hill’s
equation (B-10) above, with Tij defined as In (B-25), that Is
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.".AC.-‘.' ¥

179




2P - aj'ovP — ’31LF’U'I”~”¢>

, ot7 DX DX
2P _ v = 2Py ) (8-49)
2t XX

Expanding the right side of (B-49) gives

3L DA 3f B
e vV EE a[f“‘” axok VAN Tax

4 SV i 2L 4

i OXi 3Xi DX
rplov avi 4 v By (8-50)
X 9K D X3 R E

Now, differentiating the equation of mass continuity (B-1) with respect to x;, multi-
plying by 77 and summing over i, gives

e L 9
244 . 3 2N BPL OV _ _ R F
fri Z)Xs‘ax;,Mr‘ +V3 '

Capiar P
2% Y. 2% i 9t Vi

iy pos)

Substituticn of (B=51) into (B-50) gives

_3r amﬁ_.&mwif_’__vﬁp_ AN Y 9V Qs
) S T TR Tr T | T T AR YT TH I

Now define the operator D/D; as

b _.2 . _ 9
5t = ot vV g (8-53
so that
o~ _ 2 . 9" DV RF
=t eV + A U - +
D& 3t Y TF I AR T TR ST TR 50

In terms of this operator {B-52) bacomes

o'p _vap___p[av‘u QVy , QA 3_1&}.*.9""3 2.0 (B-55)

Dt*- 2 43Y, 9% 3ri X Dt X,
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Consider a single ‘rolume element of fluld at x; moving through the flow fleld with
velocities?; . By constructing a coordinate systemf , which moves with this fluid

eiement, and by associating (B-55) with the density and pressure fluctuations of this
fluid, (B=55) takes the form

P _Pfpopl2w BV L 2vi 2|, B 2P
It Vp’f[w;an;*am ’am]*" I M O

Ribner (Ref. 3) neglects the last term on the right of (B-56), probably on the basis that
following the motion of the fiuid this term should be small. [t is to be noted, however,

that 3"0'3,/ 2t represents the acceleration of the particle of fluid and hence the accelera-
tion of the moving axis. Ribner's form of (B-56) is

TP _obe f»[a«_r..-. 2vi 2w .w]=/; 2 )

2
att N AN O I N |, (8-57)

The density, @ , pressure P, and velocity/UT , are now written as a linnar superposition of
the ambient {0}, Ircompressible (°), and compressible (') components of these quantities.
(The foilowing is Ribner's notation.)

P =P.+F’(o) +P“)

Po=p ot pY

u)
/U"" = nr }D) + m‘{d (B-58)

Substitution of (B~58) into (B-57) gives

i

a_ () 2 * (o) 49
2P e _ 2P 9 i m (8-59)
ot* P ot* VPR AN N |

.==O

T o 2 ™) }
N N ﬁ oN; I ;

If the fluld were incompressible, then for the single fluid element being considered,
\+)

f’ ~ PU): D «nd 330%(;056 that

vy @ )
V$P(9)= — '3 ('V; A ) I (8-40)
9N 2N;
nl 72J -
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Equation (B-60) defines the pressure field of a turbulent flow assuming that the fiuid is
incompressible. The condition of incompressibility is, according to Ribner (Ref. 3), a
close approximation even up to low supersonic Mach numbers. Ribner imposes this condi-
tion on (B-59) and further assumes that the bracketed terms can be neglected as a small
contributor to far field acoustic noise. Hence, following the motion of the fluid element,

AT T

£ AU . ,az ®) :
9t Jt*? (B-61) -
or referred once again to fixed coordinates
? 5W) 2 p® R
W _ DP (B-62) .

vV = - S -

Dt Dt "
The left side cf (B-62) contains terms which contribute to the scattering of sound waves us
they propagate through the erratic eddying flow. 3Such effects, waich are nct of interest -

here, are eliminated by replacing D/D; with 6/5' where

.2 .,y 2° B-63
2B une (3-63)

Here U is the flow velocity parallel to the jet axis, and it is assumed thot the axial gradient
can be neglected. With these restrictions, (8-62) bacomes

SR A T

9%,
—_ Al ;
D t* =R A
‘.,_‘;
or =
= Y 2 5 0)
| 2 () D =
: Q" B+ D¢ (8-65) =
e
< ki
.. which is Ribner's final equation for jet flow noise. As a first order approximation, Ribner »
ol further ussumes that g
b (@ v ) E
P~ =apf :
e .
A0 or that Lo
. Ik u) z O 2 A©) 2 ) »."
A DP _Fpe_DP x__L D ~ (B-66) u
A* D Dt? a Dt .
=
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(B-66) shows that the far field acoustic pressure perturbations P(1) are driven by the near
field pressure perturbations, P(°), where the latter are determined as if the flow were
essentially incompressible and result from inertial effects within the unsteady eddying
flow. Further, (B-65) shows that the effective acoustic sources are simple sources result-
ing from the minute pulsations or dilatations of the fluid at each point in the flow. This
replacas Lighthill's volume distribution of acoustic quadropole sources.

T'.e erfective convection of the acoustic sources within the jet can be seen from the

expanded form of sz (")/D +*

i) 2 o 2 plo) 2 p©)
= _ 2P w2 L w2 L
Dt 2t +e 2Xidt +vi 2% 9K (B-67)

When the mean flow is zero, vr; andVj result solely from unsteady flow and represent the
dilatation of the fluid as it moves through regions of rarefaction and condensation. For
such flows, only the first term may predominate; however, for high velocity jet flows, the
last term is of the same order as the first term (Ref. 3).

It is interesting to note that Lighthiil's convected quadropoles were analyzed as a
"frozen pattern” of acoustic sources moving along the flow axis. The resulting correction
factor for this convection was shown to be (1 - M. cos 8)~3 (Ref. 1). Ribner, on the other
hand, allowed for a puttern fluctuation during convection through the space - time correla-
tion function, and found that this "softens” the directional effect due to convection and

eliminates the infinite amplitude associated with M¢ cos @ = 1 in Lighthill's convection
factor.

Derivation of Modifled Acoustic Equations for Jet Noise

With the above background it is possible to proceed rather directly with the deriva-
tion of an equation which more accurately accounts for the effects of high shear flow gradients
on the production, refraction and convection (the latter two being Inseparable) of sound in
high velocity jet flows. The partic's velocities associated with sound waves are considered
in the fundamental flow equations ara eliminated from these basic equations tc give a
single equation for the acoustic disturbances. This equation is much like that of Ribner's
but Is of o higher order and contains additional terms which depend directly upon the shear
gradient magnitudes. Such terms are shown to be important ot frequencies equal to and
below the characteristic frequency of the jet. In addition, a minimum of restrictions are
made concerning the temperature and mean temperoture gradients In the flow.

183

I
s

b

A r ST
P PR
[ TN N

wp gy
. o 9
fanaansn

e
:“

« w e =
2T
Al

.
0
-

.vAx(.qQ"l.'-"
PRSI Y § -

v r
i

.
.

"Y'\

-y v e
PRI
.

AR

- e
.y

&L

-
.

0

2 L

we, e g R
e 4 Te v ¥
LA

’A l’A

....

vt
. .
AR

."lnr W
. .
. .

,.....
'.1'1"-‘ o) e
2'0%2%0 070 .

N
’ 0

. e e
s,
PR '

b




%

o
3 -
"..:J &
T -
-":-.‘ :-_
f.j:::j: The forms of the mass continuity and Navier-Stokes equations to be used are:
) R
{s =
o i
ARy .
ot 2P Lp2% i 2f _ Q - L
NS + =~ + Uy - = (B-68) :
o ot X 29X .
NS :
) .

0
.\::': QY a'lﬁ o P — : - N
i f[st Y ]+ T AU

N Consider now an acoustic disturbance, generated by Q and/or the F. , to be propogating {_"“
B s« through a steady flow field having steady velocity gradients and with steady temperature -
3:'“; gradients. The defining acoustic equations are taken to be the iinearized forms of (B-68) -
D and (B-69). These linear equations are obtained by neglecting products of acoustic z,
e quantities and neglecting all dc terms. Thus denoting mean quantities with a bar (—), \
- (8-68) and (B-69) become: hy
X ¥
Ay N
.::.\ :‘
¥ ——— — ~,
Y — ! 3 —— s s
AR} ?’v’l +17'f- ? VT +,v— ’a w <+ g G’U—t + QE_ — F . -~
¢ L g 2=l FRCAs —=Fi @0
G f[at T rel AT AT ;
{ -
- :
qﬁ 2L PRV +P.’2_1P+KF,.1£ +22 —a  en
&y 3t X3 254 Chy 9% N
G 0y Y ...
‘:-.:; Further, assuming a mean flow velocity,ﬁ),'— = U, along with the x| - axis and setting %
'.. AT, = ATyz ogives g
o kif pu's . Y vau 2P _ -
Sl + U -’. 1"‘ . + + g A F (3-72)
N f Lat % GXJ ﬁ X X ' ;:
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The velocities 2UT are the acoustic "particle velocities”. It is desirable to
eliminate these from (B-72) - (B-75) in order to obtain a single equation for density and
pressure fluctuations. This can be done in a systematic manner; however, the resulting
equation is so formidable as to be of no practical value. However, if the mean flow

velocity U and the mean density f are axially uniform, i.e. do not vary with xj,
this equation can be greatly simplified.

Assuming, then,that

au. =22 _ ¢ (8-76)

the above equations reduce to the form

"

Vi) v £ (P) +,BU_5’U'3)+ %—% F, @77

D(Pn)
t
D(P ) +2P - =, @)

=y X2

D (P 3 = )
St t3g = Fs o7
Sp Pu) ) AP @ e

The quantities ( F/U“,’) can be eliminated from (B-77) ~ (B-80) by substitution
into the operationai equation:
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T2 5y, E "5)}* ep ’ax.kb ) e
Noting that
D 2 __ 2 _D .
BTt 2, 2% Dt 8-62)
D 9% _ 9% B _ 2 _
Bt ok - Br D€ % an o
B9 _ 2D _ga 2 ]
Bt o, = b ot 2~ oK o-e0
the resulting equation is
DB BY _*plizag 2P 4 2P _
Bt‘-[ Be: " }+ PATICR Y 2p %, s
(B-85)

_ B [Ba_ i] 2F 2F;
- Et[ﬁt 'axg“"ad*::?f‘ +2p 72X

where P and P may be related by the local steady state speed of sound in the flow,

P=a2p

For an axially unlform steady flow fieid (cold or hot), (B-85) defines the true production
of scund for applied forces F, and mass sources Q, ond defines the true convection and
refroction of the genarated sound through this fiow. It is seen that the lateral gradients

o oand § have a direct effect both upon the distortion of the sound field and production
of sound, the latter being evidenced by the enhancement of the axiol gradients of the

lateral applied force components.

(8-86)
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When the direct gradient terms are not significant, the left side of (B-85) reduces
to the left side of (B-64); the resulting equation is then

g -
%/:" —Vf Dt B %L)-(:;— (6-87)

In order to relat this equation (B-85) to jet noise, it Is necessary to determine F;
and Q in terms of the turbulent density, pressure and velocity fluctuations. Define

o, P, U7 as the linear superposition of mean, fluctuating turbulent and
acousiic components:

=PWJDU1
=P +P +Pa
= A+ +Vja

Vi (B-88)

Now, substitute (B-88) into (B-68) and (B-69) and assume that (a) products of acoustic
quantities can be neglected due to their relative smallness; (b) products of acoustic and
fluctuating turbulent quantities can be neglected as these contribute only to scattering of
the sound; (c) products of acoustical quantities and AJg N and 4}3 , or derivatives of the
latter, can be neglected as U‘z,,’U‘g are quite small ond do not alter the refraction of
sound; (d) the mean flow velocity U and the mean density P when associated with acoustic
qQuantities do not vary with x|, nor do their lateral gradients vary with x;.

The resulting equations are the same as (B~77) ~ (B-80) but with F; and Q defined
as follows:

\b .

Q=-~L2

Dt f=p+
yP=P+P  6®
— 2 ANy
0= 5%+ A=+

| % S
Dt

2
3t TV

)

, In (B=81), it is reasonable to use

In performing the substantive derivative opemﬂon,—p——

——

the more general operation 'DD—f + for Fi and Q, since the use of:_D%- on the left side of
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(B-77) - (B-80) merely suppresses the scattering of propagated sound which is not the case
for F; and Q. Hence, the desired equation defining jet noise is

—D- { sza. _o? o :aapg 2 2 P -
["" 5 v '%‘]*'2 STon Y P on T

Dl G Dt?
- D _9Fily2d _& B-90
bt [o 'ax.] +2j5 i

with F; and Q defined by (B-89). For comparison with Ribner's equation (B-65), the
quantivy{ﬁ - m]is determined. From (B-89)
Dt 9y

It

[Da aﬂ} _DP ., p(Pd _ 2 [Dan+'ap’
bt~ GNi| Pt T Dt 3X; |

,
5P ,p28 ,gRE -2 rzf_"a_p[ﬂ,, awiau] a_

2 2 1
[ P 29 LY _aun|, -Qf -7
_[:3._,,2% 35 "‘ﬁmJ’D["’" % "o "”] ["t*f T

Ribner obtalned the first bracketed terms on the RHS of (B-90)(see 8-65, B-47) and
assumed complete cancellation of the second bracketed term with 7 “F . Thus, the only

2
difference lies in the term {%tL -fe]which arises from eliminating the particle velocities.

Because of the small magnimde of the dilatation 8, and because D /Dt is praportional to
wo rather than to Lot o m?j}’ Bt™, this added term is relotively small and may be
neglected. Accepting the above cancellation, which seems sufficiently accurate for the

present, (B-90) becomes

Sttt
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| DR _ Bzf’a
tia® Dt* VP] 9Y,3¥z +2/6

?Xs ?X}

D>p 242 _|o0¥i Dvs, 2P
pt® %w.!so 2d ml[ EXz] aﬁ ’bx.[ +9Xb]

The relative order of magnitude of the terms 2 of 2-Pa 3 2},
29X, ’b Xa

(B-92)

XX
1 D .
can be estimated by comparing them with e a. Let a typical Fourier component of
a® Dl

Py = A el X +wt)

2. .2
.. 2aa kK 2 &

.
lad, Q—,L,“P l

| o2 P | uk)?® T w1+ Y
TN PR (R

where R is the

Let M be an average flow Mach number, say 1/2 My, and letd'z‘éRUo

radius of the exhaust exit and w = 21V f. Then

2ot ~ 2l
w (T+M)3 fR(1+ M)

For an exit velocity of 1020 ft/sec., a flow Mach numbar of M, = 1.0 ond ¢ nozzle radius
of .5 ft., this quantity equals

120
S

The above ratio of absolute magnitudes equals unity for f = 120 cps and is of the
order of 1/2 ot £ = 240 cps, which for the exomple given is approximately the characteristic
frequency of the jet. The two additional grodient terms, therefore, shculd not be ignored.

The solution of (8-91) is presently being investigated by the cuthor for various types

of acoustic sources, such as timple sources, dipoles, etc., and for various gradient shapes
and flow Mach numbers.
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LIST OF SYMBOLS USED IN APPENDIX 8

Speed of sound

Total differentiation operator = ’b/’at + 3/ ? Xj

Total differentiation operator = '3/ 2t + U 'b/'a X,
Strain rate tensor = ’aw/'ali + ?1’5/3 X3

Frequency, cps
Applied force component

Surface integral; (Equation B-15)

Jacoblan of transformation from fixedy, - to movingM, - coordinates

Mach number

Coordinate along surface normal

Pressure

Mass source or sink flow rate

am— e e
Distance between fluid element ot—'; and observation polnt at X = l xX=Y

Cylindrical polar coordinate

> | — e -
X~

-M“ (l —")
Surface area

Time

Retarded time in uniform quiescent medium=t - ’}’a.,

Fluid stress tensor
Mean jet flow volocity
Volume

Fluid velocity component

-
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Position of fixed observation polnt with respect to fixed axes
Position of moving element of fluld with respect to fixed axes
Lateral mean veloclty gradient = 9 U/ X2

Lateral mean velocity gradient = 7 U/ 2 X3

Kronecker delta=0ifi#j, =1ifi=j

Shear viscosity coefficient

Compressive friction coefficient

Position of moving element of fluld with respect to moving axes

Dilatation ='61’3/9 X; ; also, angle between jet axis and observation vector x

Fluid density

Circulor frequency, rad/sec.

vt = e a/BN ¢ 2K
A = Finlte difference operator

Superscripts

o Danotes near field component

1 Denotes far field component

- Denotes mean or time average
-> Denotes vector quantity

~ Denotes fluctuating turbulent component
Subscripts

i, e k Denote components of vector quantities along the 1, 2, 3 axes*
s Denotes surface

*Note:

The 1 - oxis is always parallel to the mean flow axis of the jet exhaust for
both the fixed and moving coardinate systems.
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Subscripts (continued) 2
o Denotes ambient volue

a Denotes acoustic perturbation value
c Denotes convection

Denctes absolute magnitude
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."‘4 ‘
. SOUND PROPAGATION IN A CYLINDRICALLY —
" SYMMETRIC TEMPERATURE DISTRIBUTION ‘
5
In an attempt to extract the qualitative features at least of jet noise propagation <
at the presence of a temperature distribution (hot jet), the propagation of sound from a =
source imbedded in a finite cylindrically symmetric temperature distribution will be con- 3
sidered here. (The atmosphere is assumed to be otherwise homogeneous.) The particular :
o choice of the distribution is dictated by that existing in a hot jet, which, in general, N
L follows a bell-shaped curve. * o
x, X
- If the z-oxis is the axis of symmetry, then the temperature will depend only on the _,_
e coordinate f{; in particular, the chosen dependence is I
B = A 3
o W) = To + zonzar
15, -1 .
A
’ where Te = ambient (atmospheric) temperature - degrees Rankine, Ef
. ,; A TT-T,= height of temperature distribution - degrees ¥, -j::
N
> TS = T (o) = temperature along z-axis - degrees Rankine, and o
. ,: cl is a width parameter. :..
o X
4 Under these circumstances, the sonic velocity will be given by
b e e “
3 ¢y =C, || + g R (C-2)
on "; where Q o = speed of sound in the homogeneous atmosphere ;{':
L .
X To . To o
. 2
:'.: Equation (C~1) has been plotted for Ts = 900°F, T, = 60°F in figure 103, and is _‘.-f
N compared with o typical hot jet profile of the same Ts value. The value of @, which -
N controls essentially the width of the distribution, Is fixed by demanding that Ts - T -
o falls to half its value at the same distance that the jet temperature falls to half Its -
o original value.
’ 3 In the subsequent sections, on analysis based on ray acoustics and wave theory, Z:E:
. - respectively, Is presented for the particular variation of the speed of sound glven by -
W Eq. (C-2). £
i -
:: *1t is explicitly assumed here that the temperature distributions existing in a jet are well
e, cpproximated by the measured velocity profiles.
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CEOMETRICAL ACOUSTICS APPROXIMATION
Inasmuch as an analysis based on ray acoustics (high frequency approximation) can —~

be helpful in gaining some insight in the way sound propagates in a non-homogeneous !-
medium, this section will present a calculation of the ray paths and the intensity distribution ~
for the case under consideration, Reflecting boundaries near the source will not be considered <1
here. for in this case the use of the approximation becomes impractical. o
T:e Ray Paths F‘
Consider @ z - lplane. A ray starts at the source (assumed located at the origin) :;:f.

making an angle #swifh the z - axis; let the velocity at the source ke ¢ (figure 104). Denote :'_:_'
*he angls which the tangent to the ray ot a point (n, z) makes with the vertical by ¢ and the e
velocity at that point by ¢ (r). r;:
HE

he ray path can be determined from Fermat's principle, which requires ihat the v

integral _‘_’_f_ be stationary, ¢ f ds e
c 8 { — = o -.".'

< <

where ds 1s an increment of th= path, ¢ the sonic velocity, and 6 the symbol for the variation iﬁ
of a functional. In theuresent case, ¢ = ¢}, so that % . % 5
d dr\eo (da ) 1 | o

s :[( )4 ( )| =|1+2 r o

The variation problen then becomes " .:.‘:
- - z e

S Lr2)° 40 = o o

c(n) oA

for which there corresponds the Euler equation
d_ [ ' > ] -0 N

« & N '-:\:

Hence, ‘—ET.‘ = e i) A
a t .f .

* N

o Z = f C.QI'L) - &I&. A
2 Fad

J "\/ At - e =
) ~‘\~:
where A is g constant. Substitution of & = g = Cof+yields A = c%“&% i
which is, in fact, Snell's law; the usual form of the law resu’’s if we let ::‘:':
Thus, the equation to be integrated is e
(c-3) o
I el dn o
z — - P
> -2 oy v |
* Veg cos g —C ) Xz
\\\:
W
e
P
2
'3 ‘{
o~ : S
AT AT N TR T e N T T e T e
VA TS VAN PO Y e N AN T N e TN - . -
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Figure 104. Geometry for the calculation of the intensity distribution by considering
the geometrical divergence of the rays.
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o
Alternatively, Eq. (C-3) can be derived by assuming Snell's law and making use of the (”
geometry of the situation. Substituting for c2(#) and c? = ¢?(o) from Eq. (C-2) and =
simplifying, we obtain !

z - [ch:naecn-i-@ dre R
=l °© Cos hacc IL‘—-Y (C-4) I:

where

2 g

o= Jx Y = £ =Ec°5g¢s :
tos . a—~\ + s %s -

Let cosh '@ +3 = \—:/— (C-5) =

to obtain

W,

z_-_-__K_f dw
¢ W, w (l-pw)(l-gw)(l-ewy

or

- e e TR
A7~ & AL b1, -y NEMINE NSNS

W

ae _ic_ be
a'\/fs_s? ‘/;'WV(W“'p‘)(W-S')(w—e’) (C-6)

where
S =§;+'Y=§__&_fs‘:2#s 3 € =@+l \

=t = ___C_._O___é_;___s 3 '..—.:‘ . ‘:'. 3 1'-.".
T s A3 d=tic

o . \
W ETB) ) YT Cownikn )

The integral in Eq. (C-6) can now be reduced to a sum of two elliptic integrals by
a further transformation of the varicble (Ref. 2). Let

- o ;]) o

to obtain immediately

_‘L$ (C-7)
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e or flnally

. (C-9)

[\/(r')(l-’fz f (‘5”" \[q L)1)
where .,

C,=kVS = Coscps YB(L+Y)
&£ (p + sin'py)

((8-P) __ B cosps
N TR (pr ]

2 e ®
= _%:% = sind \C-10)

_ _ pirsinid
V= ‘ﬁa"_ - B+ d

3, = ¢3¢ b,

% _ Vi+ £ coshhu
2 - )
[( Pt Sichy) CoSRE X~ cos'lqé
/
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The integrals appearing in Eq. (C-9) are elliptic integrals of the first and third kind,
respectively. For numerical evaluation purposes, they are now expressed in the Legendre
normal forms, by making the further transformation (Ref. 3)

%2 = Stn"?/ + C%szi (c-n)

which yields

Jo a3 -_-'V%'_L [Qlé.ﬁ_ ][PF@P,&)-‘-Siﬂa¢$W(w‘H’k)](c-]2)

£ +3in"Py

where

¥ Yy
Fg,e) = f 4y _ f dy
o‘v i-—k’i"bl'zl}' ay

= d
TT{Yeyle) AR ey
;

- Qosch::s (*nodu\.us) (C-13)

Moo= Lx swichy (Pavamd'c.\.)

»
-1 VA sinhak J
RILN
v [ 1(B> s’ ) cosnic n—pp cosh ;g‘

The integral FU‘P‘ k) can readily be evaluated for a given +S with the use of avallable
tables (Ref. 3); the integral'lT@‘ﬂ,h)con ke expressed in a number of ways, e.g. in terms
of Jacobian Theta and Zeta functions ; noting, however, that the parameter is always greater
than unity (except in the limiting case of sin w- 0). Use can be made of an addition

theorem relating the Integral of a parameter greater than unity to that of a parameter less than
unity (Ref. 4):

TTWhsyke) =F@,k) — TT (Yo ms k)

(o}

12

\‘4
:\'..

LA
A
4

--.
‘h"./p
“

£ -
M an [(A-) (k") * a4
+[(u-0(u-k‘)] ol A sy
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B where Uk = k;x—- L (Tables of“@,#,gfor <&V are avallable, (Ref. 5).)
Substitution of the above expression in Eq. (C-12) yields the final result
A
N K Z = §+t cos ][(P*"‘“ 4’3) =, \e)_ 3“‘4’: «.y '5_ k)
L B+sm
R
A -‘$ : —'. kA
. 2 - . -
. + %m+ 3 't‘anh (M) (M- R ) | €14
«.’\ (“'"‘)()“‘ ,u-(\ k2 s "~P)
ARCE
R
“)\ It is clear from E (C-'l3) and Eq. (C-~14) that all rays emanate from the origin, and in the
" ’ limiting cases of; =0 ¢.qothe rays are straight lines along the z - and re-axis, respectively.
' Ray paths for five values of o, have been plotted in ﬁgures 105, 106 for =1.61and
f.::}.:: B =5.077, corresponding to a temperature at the source of approximately 900°F and 2700°F,
O respectively, and an amblent temperature of 60°F. As one would expect, the rays cre "bent"
TN toward the horizontal, while inside the temperature distribution; at some distancegtr, at
o= which ambient temperature has been virtually reached, they become straight lines. The
' \{ "exit" angles at this distance are indicated in the figure. It is to be noted that the bending
o0 becomes more pronounced as g decreases. The plot is symmetric about the (qx)- and (d3)-
N axis, and the three~dimensional picture results by rotating the X- & plane through 2 tGbout

the z - axis.

Intensity Distribution

With the knowledge of the ray paths, the intensity distribution can easily be determined
by considering the geometrical divergence of the rays (Ref. 6). The procedure used here
will be that applled by Pridmore~Brown and Ingard to the case of a temperature-stratified

atmosphere (Ref. 7). ‘

Let Q be the total power output of a spherical source and the radius of ¢ small
sphere centered on the source. Consider two neighboring rays leaving the source at 4:,
anddu(figure 104). If these rays are rotated about the z-axis, a certain amount of power,
8Q, flows through the space bounded by the two surfaces formed, and it Is equal to ihe
power which falls on the sphere zone cut out by these rays:

YR = P .E.ﬂ’(a%mc#q(a§<#>5)=@_gl§’s 5‘*’3

The intensity, T, ot any point In the plane will then be the ratio of this power, SQ, to
the area through which It flows at that distance (=2ex¥f),§tbeing the perpendicuiar separa-
tion between the rays. Thus,
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where the value of §¢ is calculated with the aid of figure 104.

éQ ’5W\<*> SZ=sin dz
Sin @ $f<‘-°" $ A (C-16) 3

_s\n¢f.g§\§$- dr g
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Since we will o interested in the intensity as a function of distance rather than o

. R 1
‘.(z_\I | AR AL AR "t

. :'-"" function of the c:ng:e-:}:)  we now substitute in the integrand br3¢md SH\“+2
- ::.: From Snell's law
o = Sl
- Cs o
ol -
- cos($ +8d) = <l)+Sc -
[ " - ’.~
o COS (s + S‘Ps) Csq -
R Neglecting S ¢ and expanding the cosines, one obtains :il.
S‘, _ Tau ¥s (C-17)
\ Also using Eq. (C-2), Sneil's law reads
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— Cos . . cos®
b Y >3 Y= B +Sin'chs

Substitution of Eq. (C-17) and Eq. (C-18) into Eq. (C-16) yields
ey snt o] (VIR by (Yo
3, Veoswin-7 conrben e |€19)

The first integral is precisely that gppearing in the calcuiation of the ray paths, and,
hence, from Eq. (C-4)

‘Fwthacn,i-B A — V& rswid, s (23 €20
OVc.usha.n.-T Ces

To evaluate the second integral we proceed as in the previous section. Parforming the
transformation of Eq. (C~5),and Eq. (C-8) and Eq. (C-11), we obtain

Gple) —siney r(w,ﬂ] (C-21)

k

IV cosh'e. i+ o= i [E
| (comwn-m% VS (8 8% [)

where Q andS" are defined in Eq. (C-7),fgwin Eq. (C-13) and

¥ ¥
E@M:IW dy =| ay

is the elliptic Integral of the second kind. Substituting Eq. (C-20), (C-~21) into Eq. (C-19)
ond evaluating the constant coefficients, we obtaln

e =[¢3g;;c«;§§$m*+,> )

[VE‘J‘ (e 2) S\, 4+ VB cosdy {E@ ) - S Fby’k)}]
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which, when substituted into Eq. (C-15) ylelds for the intensity

O 4

P 7

I-= QA |« SH‘\.‘CL,, cow <£L(rﬁ+‘5|nz<{>,) . s
QWA vV Bl 5W\<F by

r}
‘.

A

%

v s

o4 -1 ;2
) VA (x2) sin%, +V 2 Cosc#gg E(yrk)— sm'd, F(y, iz)} .
C ~-

The intensity from the same source in the homogeneous medium is -

—_ . e 2.t "7'

1,= Znpr 1 f=rrE 5

.)::

o the I _(xpf Sind, Cosdy (B +3m3b ) . I‘

I, xn) YA+ s F@

lc-22)
VERT (e 2) 3, VB cond, o EGH)- s, RO} x

! T ad
On the other hand, for a directional sourceI with a directivity pattern '? (+53
!

() = =53 -

where $ is the angle which the observer makes with the vertical. o
' N
With the use of Eq. (C-14), Eq. (C-22) has been computed along five ray paths for ::'.';j
ﬁ =1.61 ondﬁ = 5.077 (corresponding fo temperatures ot the source of 200°F and 2700°F, ::::Z
respectively), ond has been plotted as o function of the dimensionless pargmeter ) in &
Y figures 107 and 108. It I3 seen that along ony given ray, the relative intensity Increases [
= with hp), approaching asymptotically some constant value. Appatently, this is due to ....
t: the “focusing" effort of the temperature distribution (decrease in the divergence of the rays). e
R Close to the source there exists a relative decrease in the intensity, becoming more pro- S
o nounced for rays of smaller C#’s values, which, in fact, suffer considerable *bending" while :
L. inslde the temperature distribution (figures 105 ana 106). Evidently, the noted effect is i
4 due to the difference in the path lengths traversed when the temperoture distribution is and —
5 is not present. An increcse in results in a “shift" of the plo! closer to the source and N
oot in an Increose of the maxima and minima in the intensity along the ray paths. This effect s
» is consistent with the fact that for higher values the rays are “bant" more severely and are N
.:: “focused” mora effectively. T
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The intensity variation along lines parallel to the z-axis (anyx-weplane) or on the
surface of cylindrical shells (three dimensions), the z-axis being their axis of symmetry, is
shown In figure 109. Again, regions of relative increase are found in the intensity.

The polar distribution of the Intensity is shown in figure 110, where the angle is
that which the axis of an observer makes with the z-axis. A slight shift of the maxima
toward < = 90° is noted as an observer moves away from the source. Finally, a comparison
of the directivity pattern atcP = 20 for & =1.61 and & = 5.077 indicates the increase
in the directionality of the source for larger values of ﬁ (figure 111).

WAVE THEORY

The Formal Solution

In this section the sciution to the wave equation will be sought in the form of a
Creen's function expressed as a series of normal modes. To do this, o plane boundary -
acoustically described by a normal impedance Z independent of the angle of incidence -
is introduced. The boundary is defined by y = constant or by & =X,/ Sin B where
ry 0  are the cylindrical coordinates and s, Is the perpendicular distance from the
origin (figure 112). (o< B¢ 'ﬂ")

Consider a spherical source of sound located at the origin of coordinates and driven

at a constant frequency = (/21 The sound field at a point P(,z,,a'z)may be
derived frcm a velocity potentia

e —~jwt
= P =Ylune
P}

satisfying the wave equation

2
v
-~ + =& = O -
i VY + (c-23)
34 The use of this equation entails two inherent approximations, namely, the usual require-

) ment of small amplitudes and that the fractional change In any property of the medium
- must be small within a distance of a waveiength. The latter condition restricts the solution

bis) to high frequencies but has not been found stringent even for very high temperature
PN gradients (Ref. 7).

- - Assumingy(i,2)=R(x) q;) Eq. (C-23) can be separated in cylindrical coordinates,
yielding

T \ &E - Kkt
F o e

A 213

(C-24)
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- ("ﬁ‘\ c"-( ~k|R =0 (€-23)

where k is the separation constant.

If

(i) K and its derivative are continuous (so that the normal model theory holds),
(i1) at the plane boundary the logarithmic derivative satisfies the condition

oy = =
e £
(iii)C@is a continuous monotonic function of HL such that c¢(o) = ¢g and cﬁl:--H/gme)= 0

o, where ft =-H/Sin B defines a "pressure release” boundary to the left of
) the source (v< §<2n)

t'yﬂ (iv) for large values of 1, the solution represents only outgoing waves,

a set of eigenfunctions g (#) with corresponding eigenvalues 2w, may be determined.
The space part of the solution will then be

oy +tile,2
P (n,2)= A& R ()
el (C-26)

. where A, are, as yet, undetermined coefficients, and where the solution to Eq. (C-24),
": 2 ‘lK‘ 2 —lwt

Mg c In conjunction with the time factore represents outgoing waves, the positive

5-“,; or negative sign being used in the regiong2 >0 or Z £ © respectively.

To evaluate the coefficients Ay, substitute Eq. (C-25) into the inhomogeneous wave
] equation

: ::’9 \% w + S C)'(,)L) = - —% %(J‘L) 8('2} (C-27)

where the right hand side corresponds to @ point source located at the origin. Here 8
, denotes the Dirac delta function defined by:

% () = y X £ 0

o
© ; X =o0

Aty
P
«
-

o in such a way that where the region of Integration includes the point x = Q.

fS(x)le

55
X
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Substituting Eq. (C-26) in Eq. (C-27) and using Eq. (C-25), we obtain

L &Ml &M ALRL = - 2 5008
Z

Now, multiply both sides by ¢, , integrate over a small cylinder enclosing the source
and letg-(. Utilizing the orthoganality relation for the eigenfunctions, namely e

. .. Io*-"H/S\i\e W
(n-2) | R R R = ©

"‘nc/$\&6 i

we can obtain the following expression: ::
e

- s\ € -:'.'\

[ Tk, 2 2_ ] o
‘f{ C“k‘ + ‘2‘-2_ Am, rx R:(I&)A;L = —-R.(0) o

L d "9/ 3w 6 q
. riky? . -H/asme ;
tikme 4kaz Amfn RL(dn = —Rau(0) &
! . Ko/SINE b
"_(Wlme > Tk An i

R (5 dre oo
n.o/au\G

o -y.\/s mo ‘ ‘
An —_— A K (O) k“ f A8 Et“ W) dn "’
lt./‘s wmg &f}f

Thus, the complete solution is )
. - H/‘)n\e \

. ~iwt t\tl b 4 2 ey

=tie E e T Ra(0) Ru(x . f R () de (C-28)
K./S e ...:

™
where the functions (2, depend on the velocity profile (1) and the boundary condition :»f:.

at the plane boundary.
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The Radial Equation
With the particular choice of ¢ (n,)given by Eq. (C-2), the radial equation ~
(C~25) becomes: b
~ [ - 2 2] 2
LK I . w ( b. c
+ — + —— — o .
R¥rR+er U+ i) — &R :
or ‘:
S | co -
R4k +8r (1 - £S) —2lr =0

where the approximation g

-\ -.\.
~ B8 g
(l+—éhﬁ) — ‘ D R — _:.

T Cosha A,

will hold for ﬁ x4 c0$h15(,16 which in general will be true.
Introducing a new dependent variable LL related to R by §§
R= & (c-29) -

VA >

one obtains the following equation in \f_ : _j::
v 2+ L ’ -‘&‘

U + L(-k%)_ B + U=0 7

{ Co | et Cosh'a L 4.n2 <

At both asymptotic limits ( ;{':&) the term ;;‘:F will prevail and the pertrubation
to the eigenfunctions and eigenvalues for a homogeneous medium which will result due to
theb/ccsk'i(,iuerm can be calculated with the use of variational methods or techniques of
stationary pertrubation theory. However, depending on the choice of Bandae, there

*

. . y o
WOKIE SANN

will be an intermediate region where fheyc..&nferm dominates and hence the L= term :
can be treated as a pertrubation. The radial equation will then read
:\.‘ L 3PS . T T ..:
23 W ()~ ke ) - 5 = C-30 -
o W +C° (, wt Cosh™t 1, U=0 (C-20 Lo
‘ €q. (C-~30) is now in the form of the one-dimensional Schrddinger equation for a potential R
2] » LY e
i\j zamerﬁ/é‘,’lxm and can be solved exactly (Ref. 8). The solution regular at the origin N
o v . N
r 1= (ke Ar) O
o -5 Lt -
A o= —5.. é -— _..S_ - -g_ —’. - ) o
= W = Cosh ¢t {C' F( =t3 -3 =13 Simhd 1
:,‘ : S d._3_€ [ T 1
a +C?_SM h“". F( T*’%*’ 2} T TQ’—!-’ ) b ) S\\\\d.'\)} ;f%
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(C-32)
where F stands for "hypergeometric function” and
s.—.-‘a-[-n(\_ ir:%‘%_)’é]
e= [elnt-58) P
w= (e O-5)F o

C, yC2 = arbitrary constants.

The hypergeometric functions appearing in Eq. (C~31) ond Eq. (C-32) are defined
in the circlesmhaacyin which they converge. By analytic continuation, the solutions
may be extended to the region of convergenceSmhan >} , thus:

-9 %-¢€
R = Cosﬂ:g,i{c‘[ TET(E €) Sinh o« 1
Vr TE2-9TEE$)
. _ € .5 46 &L \
QN T TLE) RO = I SR S S | |
R + iy S e Fr bbbt 5]
iy

C, swhd T (- <) 3-g-1
+ Ce st n[?(j%“%*t)ﬂ?;‘%*w Sk o 12

2 - L& )
':(‘2‘*%*%’ L A LAl _m)
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where we have used Eq. (C-29) and wi-ere I denotes "gamma function," < and & are
given by Eq. (C-33), and C) and C2 are arbitrary constants. The solution for = (e ™)y 0

is immediately found by replacing & by (.l"}dt) in Eq. (C-34) where Y is defined
in qu (C"33)-

The ratio C1/C2 can be determined by making use of the boundary condition at
large values of /U, namely that asymptotically only outgoing waves should exist. Noting
that in this limit the hypergeometric functions appearing in Eq. (C-34) approach unity and
that Sval ¥ —a CoShY e % we abtaln

?c»»)—»ri"{c.[ﬁ( S T, (50

otrt Al e

¥ cz[r;(%)‘%n (&)

o

Write (—%ﬁ' )

R(p\) —bi‘t[(c.n + Q;l";) é‘@‘n.bz) <
(r—-LD € ]

te L \LE tlxn-)e
_( T ) =C so that

(el Cala)e (c-35)

where

[ = LEITEE) . () (-6
COPCEDCGe) )Y TEE-EOreEY

I = ) e = D00 (e
PUTCER) DEAE) VT IGERTEe) |

For Eq. {C-35) to represent only outgoing waves, we must set the coefficient (C, 1"+
CaT3 ) equal to zero. It follows that

e~ A

(C-36)

S __ D DEA-E)T(E-84%) (C-37)
S T S R
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Using the definition of € and we finally obtain the asymptotic solution to
the radial equation In the form

L 8 ‘k " \E
o2 (- g5)T _W-gedn
R —Tcre e ° 3 (';-%&-40)
R0 M
s
T G SR
R T Cee 7T 50850

, wherer*n‘(ran/f‘) and where the prime { ' ) indicates substitution of € by
"W & in the definitions of Eq. (C-36). The constant C3 can be evaluated from the boundary
conditions at the source and will depend on the source strength.

The Eigenvalue Equation

The eigenvc:lues,\z,,,,,~ corresponding to the eigenfunctions Rp(/t ) are determined
from the condition at the plane boundary, namely that

dRwdn  _ '1%2 at N =n, /smb (C-38)

i\

in conjunction with the defining equations for € or W (Eq. C-33). The eigenvalues
resulting from the solution of Eq. (C~38) wili, In general, differ depending on the region
of convergence considered, i.e. on the cholce of Ry to be used in Eq. (C-38), and can,
in principle, be computed for a particular mode by retaining the appropriate number of
terms in the hypergeometric series which appear In the solutions Ry,.

Consider the reglonSiwhdx{land the case of(l-%fr‘)(o, for which the appropriate
eigenfunctions are glven by Eq. (C=31).
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With the use of Eq. (C-29) and the identification
sawd e =E

k3 <. -
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2 5
: :’p:: which when substituted into Eq. (C-38) yield (for a perfect reflector) the following N
"‘< equation in € : v
o L e ey P m) Tbtw) §.
3‘;:: (Sd + n ){ Cza ™) (o) ( T (C+w) m!} g
5 .
Y .
e Tlesn) iy (Rt fos & ) _§__ .
i": + g T (a+$) Tb+) ( ‘) T (c+) .
_c 4 ( § (&) ( eum)(bw\) T'@sv) Tlben) _g:_ X
iy Cx dn T@rG (S +m) T(cew) n %
\ "
= LLTVA ey ol

o d (et a+e+n)(bed o+ %
e Wi RS %@)Wa.a) ("‘) {osherlloried :

ACA C+1 N
. @ . _Llary +*«) Clb++w) E (€-39) N
g T(c+\y S :
. ' s
5 )
LN where the ratio C1/Cy is given by Eq. (C-37) and where the relations X
a8 -
4 d ot B z
Vs F(,O(,,ﬁ)')’-,!) = = F(cut,ﬁn,cu,z) -
: = :
" 21(2) = 1"' (2+1) '
N
e )
AN ond the definition .

N _ I Cr) T@en)T(B+n) z"
e FEaRY2) = ) T(R) TlYen) !

0 have been used. The evaluation of £q. (C-39) is to be carried out ot = ll./g.‘& A szrm!ot, "
% yet more complicated, equation results If Eq. (C~34) is substitured In Eq. (C-38). &
.é either case, a closed form solution In & ( and henceke) for any given mode cannot be o
";;; easily obtained by ordinary means, except in limiting cases. .




Stch a case results if we consider distances from the source for which the asymptotic e
limit of the hypergeometric functions can be used to a fair approximation*. Censider, for J_d
example, the regionSmhead). Substituting unity for the hypergeometric functions in
Eq. (C-~34) and using Eq. (C-37), the eigenfunctions take the simple form

RU) =t cositeh Smh**&n (T2 + CT) &
wherice \-',i::,
é}% = R| (s+€)a coth  Lr— g o tanh oi— - o

so that Eq. (C-38) yields -

& 48 = (S+e)aL coth U —SL tanh UL

or

2 B o
¢ = _tanhu_ 5.__.33°°h [ l+(|—-— é:%q%—) + ‘*‘%Lta“‘“u(&w)

22U .

A

where U = an,/smB  (0<0 <) P

Eq. (C-40) relates the eigenvalue k , appropriate for the assumed limiting case, to rj',j;j

the temperature parameters & and £ ; the frequency,c- u;{“., and the boundary impedance .y
Z . A simi{ur expression to the above is obtained in the case of by substituting ™
W4 e - (1- £& ) o %
Thus far in this section the wave equation has been formally solved (Eq. C-28), und ::-f::

the soiution to the radial equation has been obtained in a certain region. lts validity de- )
pends on the particular choice of (¥ and B values for which the approximations evoked
in solving the radial equation are valid. An equation satisfied by the eigenvaluest{, has Py
also been obtained (Eq. C~39). However, before the ubove results con be put to practical o
use the eigenvalues appropriate for the reglon considered must be determined in a closed ¥
form, for it is precisely the knowledge of ¥ which will indlcate how the sound is propagated ;:»;::
in the medium. This will not be carried out here. Instead, any qu.litative conclusions ,w.
which are to be drawn regarding the effect of the presence of the temperature distribution ; -
considered in this appendix are to be based on the results of the anclysis presented in the A
section Geometrical Acoustics Approximation, and will, of course, be valid only in the e
high frequency range. -
*This is an approximation one order higher than that in which only the first mode is assumad . "‘::'
to survive. —
%
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LIST OF SYMBOLS USED IN APPENDIX C

é, ol s B Temperature distribution parameters (Eqs. C~1, C-~2)

Speed of sound
E (‘v , k) Elliptic Integral of the second kind
F(y , k) Eiliptic integral of the first kind
F (a,b,c,x) Hypergeometric function
1 Acoustic intensity
k Modulus
Q Acoustic power
6,2 Radlal, circumferential and axial coordinates, respectively,
of polar, cylindrical coordinate system
T Temperature
W, q, Transformation variables (Eqs. C-5, C--3)
yA Impedance
. " «x) Gammg function
R , Variation of a functional; also, constant (Eq. C-7)
e S (x) Dirac's delta function (Eq. C-27)
: Parameter
N " (Y . p4, k) Elliptic integral of third kind
N
‘ 3 Superscripts
‘., * Reciprocal
N . Time rate of change
:::_ Subscripts
: . Unperturbed or ambient
3 s At the source
v Defnitions of other symbols used in algebralc manipulations may be found in
" the text.
‘_;:
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